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ON A MODIFICATION OF WEYSSENHOFF'S HOMOGENEOUS 
VARIATIONAL PRINCIPLE WITH HIGHER DERIVATIVES 


By Z. BORELOWsKI 
Institute of Theoretical Physics, Jagellonian University, Cracow 
(Received June 3, 1960, revised manuscript received March 22, 1961) 


In his paper on «A Relativistically Invariant Homogeneous Canonical Formalism with 
Higher Derivatives’ (Acta phys. Polon., 11, 49, 1951), Weyssenhoff proposed a homogeneous 
variational principle with higher derivatives describing the motion of a free spin particle whose 
velocity can be both smaller than or equal to that of light. In the latter case, the Lagrangian of the 
particle is found to be a first integral of the equations of motion, provided the time t, measured 
in an inertial reference system 2, wherein the spatial coordinates of the four-momentum of the 
particle vanish, is used as parameter. In the present paper, this principle is modified by introducing 
the postulate that the Lagrangian shall also be a first integral of the equations of motion in the case 
of the particle moving with velocity smaller than that of light. From the equations of motion thus 
obtained, equations resembling those of Mathisson for a free spin particle are then derived 
(however, Frenkel's condition cannot be fulfilled). According to these equations, the spin particle 
moves in the system Ž with constant velocity v along a circle of constant radius R. 
The quantities v and R depend only on the spin of the particle, its rest mass and a constant Jy of 


the dimension of length. 


Introduction 


In the present investigation, a modification of the homogeneous variational principle 
vith higher derivatives proposed by Weyssenhoff for the free spin particle (1951) is given. 
"he present investigation deals simultaneously with the following two problems: 

1) The problem of dipolarity of free particles moving in Minkowski space with velocity 


maller than of light, and 
2) That of finding the equations of motion of particles moving with the velocity of 


The former has been alluded to i. a. in papers by M. Mathisson (1937), Weyssenhoff 
nd Raabe (1947 a) and Weyssenhoff (1947 a). Mathisson, strating from Einstein's equations 
f the gravitational field, used what he termed a “variational principle" assuming the fol- 


wing form for a free particle moving in Minkowski space: 


if [m*^9 n+ mI 9m, + ...]dv = 0 (0.1) 


(619) 
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wherein: 

the integral is taken along the world line of the particle; r denotes the proper time of th 
particle; پر‎ is an arbitrary, sufficiently regular vector field vanishing together with its de 
rivatives at the limits of the path of integration; 

m*?, m^*? ... are certain tensors characterizing the particle. 

According to the number of terms in the integral of Eq. (0.1) taken into account, dif. 
ferent equations of motion are obtained. On neglecting all terms except the first, motion 
along a geodetic results. On taking further terms into account, more highly involved equa 
tions are obtained. In particular, with the first two terms, the equations already derived by 
Frenkel for an electron with spin moving in an infinitely weak electromagnetic field ar 
obtained. Weyssenhoff and Raabe based on the law of conservation of energy, momentun 
and generalized angular momentum (i.e. comprising both the external moment of momen 
tum and the spin) of the spin fluid. On passing to the limit with the volume element of this 
fluid, they then obtained the model of the spin particle. The equations of motion of tha 
latter were found to be identical with those, already mentioned, of Mathisson’s dipole particle 
These equations, rewritten in the simpler, linearized form due to Weyssenhoff and Raabe. 


arel; 
mu* + s“u, = 0 (0.2) 
sg Gul GPs (0.3) 
wherein 
s*Pu g = 0, (0.4) 


m is the mass, 


u* — the four-velocity, 
G* — the four-momentum, and 
sah 


— the bivector of the spin of the particle. The dot denotes differentiation by the proper 
time of the particle. 

The equations of motion (0.2) and (0.3) are derived on the assumption that Frenkel's 
condition (0.4) is fulfilled, This is assumed both by Mathisson and, later on, by Weyssenhoff 
and Raabe. On assuming, moreover, that the four-momentum G* is time-like, Weyssenhofl 
and Raabe proved that, in an inertial reference system wherein G'= 0?, the spin particle 
moves with constant velocity along a circular path of constant radius. Equations (0.2) and 
(0.3) with the assumption (0.4) were once again derived by Weyssenhoff (1947 a) in a paper 
wherein the author bases on the law of conservation of the energy and momentum of the 
free particle and rejects the assumption that its four-momentum is necessarily parallel to 
its four-velocity. The author also proves that rejection of the assumption of parallel momen. 
tum and velocity is equivalent to introducing spin of the particle. Eqs. (0.2) and (0.3) together 


with (0.4) were also derived by Nogy, who used the method of Einstein, Infeld and Hoffman. 
subsequently perfected by Infeld. 


! The system of units wherein the velocity of light c is unity is used throughout the present investigation. 
? Everywhere, Greek indices assume the values 1, 2, 3, 4, and Latin indices — 1, 2, 3. 
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The problem, second in turn, of finding the equations of motion of a particle moving 
with the velocity of light was treated in the paper by Weyssenhoff and Raabe (1947 b) and 
in the one by Weyssenhoff (1947 b). Concluding from the results of their earlier paper 
that a spin particle moving with velocity smaller than that of light cannot serve as a model of 
the electron, and motivated by the analogy with Dirac’s model of the electron, these authors 
elaborated a method of deriving the equations of motion of spin particles moving with the 
velocity of light. The respective equations derived in the foregoing paper are of the form: 


Cd Se eC = 
Muj + sw, = 0 (0.5) 
s = Gw” — Coys (0.6) 
with the standing assumption of the condition 


: szw” = 0 00.003) 


‘Herein, m is for denoting a quasiscalar related to the particle and depending on the para- 
metrization (i.e. changing its value on transition from the actual parameter z to an arbitrary 7), 
s*? is the bivector of spin, 

G* — the four-momentum of the particle, and 


a 
a af da 


Mi dr ’ 


(0.8) 


wherein z is an arbitrary parameter devoid a priori of physical meaning. 

By the foregoing equations, and on the additional assumption of time-like G*, the 
particle is seen to move with light velocity along a circle of constant radius in a reference 
system wherein G° = 0. The same equations (and, hence, the same results) were derived by 
Weyssenhoff in his subsequent paper (the one just cited) directly from the law of conserva- 
tion of energy and on rejecting the assumption of parallel momentum and velocity. 

The results of the foregoing papers suggest the possibility of some kind of relationship 
between these two problems, and hence the possibility of setting up a relativistically correct 
variational principle encompassing both problems simultaneously and giving due prominence 
to the special réle devolving to the velocity of light among all other velocities. As already 
stated, it is Weyssenhoff’s appropriately modified homogeneous variational principle that 
is found to fulfill these requirements. 


I. Weyssenhoff’s homogeneous principle variational with higher derivatives. 


Let us consider a free particle moving in Minkowski space (of metrics 十 十 十 一 )， 


Its motion is described by the set of four functions 
a” KEM) (1.0) 
which are required to be sufficiently regular, with the postulate of 


x5 > 0; (1.1) 
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xr denotes an arbitrary parameter, and the dot stands for differentiation with respect to t 


latter. 
In his paper on *A Relativistically Invariant Homogeneous Canonical Formalism wit 


Higher Derivatives" (1951), Weyssenhoff assumes motion of such a particle to be determinee 
by the following variational principle: 


ô | L(w*, wydz = 0, (1.2: 
with 
óx*(,) = x(t) = 0. (1.3 


6 denoting variation without variation of the parameter z, and w* being given by Eq. (0.8). 

L(w*, w*) is the Lagrangian of the particle. Weyssenhoff makes the following assumptions 
concerning the latter: 

1) L is required to be a sufficiently regular function of w* and w* and not to depend 
on the x* (as the particle is a free one); 

2) L is required to be invariant with respect to the Lorentz transformation; : 

3) As the variational principle (1.2) is required to yield the equations of motion in: 
the case of the particle moving with the velocity of light, Weyssenhoff postulates that the: 
Lagrangian L shall neither vanish nor become infinite for (ww) =0: 

4) The parameter a having a priori no physical meaning, the author postulates that 
the integral 


Ma 
il L(w*, ws)da 
211 


shall be an invariant with respect to parametrization (with respect to an arbitrary change : 
of the parameter), i.e. that 


L(w*, w*)dz = L(w*, ws)dn (1.4) 
with 
= df dw 
w = P cs (1.8] 


wherein 7 denotes a new parameter related to z by an arbitrary function 


x = n(n), (1.6) 


the sole requirement being that the latter shall be regular and increasing. It is precisely 
the latter postulate (4) that provides for homogeneity of the variational principle (1.2). 

The Lagrangian of the particle under consideration, as fulfilling all four postulates, 
was written down by Weyssenhoff in such a manner as to consist of two terms additively, 
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the first of these depending on the w* only and representing the Lagrangian of the “usual” 
unipolar particle, and the second depending on the w*. This Lagrangian is of the form?: 


a2, ۷ — (ww) + Vh V (uni) — CH (1.7) 


= 


Herein, lọ is a numerically non-determined constant of the dimension of length, introduced 
_ for dimensional consistency of the two terms of the Lagrangian. The quantity y is an arbitrary 
multiplicative constant (L is determined to within this constant). In the case of the particle 
moving with velocity smaller than that of light, this constant can be determined by postulating 
that the first term of Z (being the Lagrangian of the unipolar particle) shall be equal to the 
kinetic energy of the particle considered. This yields 
Û 1.8 
وٹ‎ (1.8) 
wherein mọ is the rest mass of the particle. 
By introducing the canonical generalized four-momenta, namely, the first four-momen- 
tum 


at OL d OL 


+20) معز‎ 2 
and the second four-momentum 
dt OL 
MZ s (1.10) 


and applying Hamilton's canonical formalism, Weyssenhoff now obtains the following 
equations of motion for the particle: 


ps=0 (1.11) 
j we (ww) = 
| Okaz E (112) 
ne (ww) 
a = — y?l RS 
"i 7 (nn)h (ww) use) 


From Eqs. (1.9) and (1.7), the four-vector p* is seen not to depend on the parametrization 
and thus to be adequate for representing the physical properties of the particle. Hence, 
we shall assume it to be the four-vector of the energy and momentum of the particle (as 
born out by its dimension also). Eqs. (1.11) now yield the law of conservation of energy 
and momentum. 

It will be seen from Eq. (1.12) that, in general, the four-momentum is not parallel to 
the four-velocity. so that the particle under consideration is found to be a spin particle. 


3 The scalar product of two four-vectors, e.g. a% and b%, will be abbreviated conventionally to (ab). 
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The law of conservation of generalized angular momentum now assumes the form: 
ap — spe) + ih = 0 (1.14) 


wherein s*? is the bivector, as yet not defined closer, of the spin of the particle. From Eq. | 


(1.14) we have 
“ی‎ = pu — .سم‎ (1.15)! 


Hence, and by Eqs. (1.12) and (1.13), 


wn? 一 wnt (1.16)‏ = ی 


Thus, indeed, by Eqs. (1.16), (1.10) and (1.7), sp is seen to be a bivector not depending 
on the parametrization and having the dimension of spin. 

Weyssenhoff defined the bivector of spin directly by means of Eq. (1.16) and proved 
that, in the case of light velocity, Eqs. (1.11), (1.12) and (1.13) lead simultaneously to the 
Weyssenhoff-Raabe equations (0.6), (0.5) and to Frenkel's condition (0.7). However, in 
the case of velocity smaller than that of light, Frenkel's condition cannot be fulfilled, since 
then, as is seen from Eq. (1.16), 

sów; = 一 (ww)n*, (1.17) 
Thus, Mathisson’s equations (0.2) which, as we know, describe motion of a spin particle 
in conjunction with Eqs. (0.3) and Frenkel’s condition, cannot be derived from Eqs. (1.11), 
(1.12) and (1.13). However, on introducing the proper time of the particle t instead of the 
parameter 7, the equations of motion (1.11), (1.12) and (1.13) thus obtained yield the equa- 
tions of Hénl and Papapetrou (1940). 


Il. Modification of Weyssenhoff’s variational principle 
1. Detailed investigation of the equations of motion of a spin particle moving with the 
velocity of light 


According to Weyssenhoff, p* will be assumed to be a time-like four-vector, and X, 
to denote the inertial reference system wherein p' = 0. This is the system to be employed 
henceforth. As already stated, Weyssenhoff proved that Eqs. (1.11), (1.12) and (1.13) lead 
to those of Weyssenhoff-Raabe: 


mw?” + sw, = 0 (2.0) 
wherein 
df 
m= — (pw), (2.1) 


bein asiscalar ever assumi 1 i 
m g a quasiscalar. However, on assuming the time £ measured in X, to replace the para- 
meter x, we have 


: | (2.2) 


z 
| 
: 
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whence, as is readily seen from Eq. (1.11), m is now constant (see, Weyssenhoff 1961). 
In 2%, the first three equations (2.0) can be rewritten in vector form: 


m+sxa=0 (2.3) 


is the three-velocity of the particle (v=1), 
— its three-acceleration (a=const), and 
s — the three-vector of spin, of coordinates s?3, s31, s12, 


m 2. by Eq. (1.15), 


wherein ? 
a 


$ = const (2.4) 


and thus, in this coordinate system, the particle moves along a circle of constant radius R, 


which is seen directly to be given by the equation 
SE 
R = >. (2.5) 


We now proceed to prove that the Lagrangian of the particle moving with the velocity 
of light becomes a first integral of the equations of motion on substituting a =t. To this aim, 
we multiply Eq. (1.12) by w*, carry out summation, and put (ww) =0. With (nw) =0 (which 
is easily verified directly from Eqs. (1.10) and (1.7)), we obtain 


— p! — (nw) (2.6) 
Now, as the Lagrangian assumes the form 
L = — 2y Vh: (ww) (2.7) 
for (ww)=0, it results from Eqs. (1.10), (1.11) and (2.7) that 


(ww) = const, (2.8) 
whence 
dL 
n (2.9) 


(provided (ww) =0). 


2. Prescription of an additional condition on the solution of the equations of motion 
of the spin particle obtained above 


We now proceed to the modification of Weyssenhoff's variational principle, as announced 
in the foregoing Sections. We have just seen that, provided the assumption of z=t is made, 
the Lagrangian of the spin particle moving with the velocity of light is a first integral of its 
equations of motion. It would thus seem reasonable to make the statement that, in this case, 
the Lagrangian represents a physical quantity (indeed, it has the dimension of energy) 
characteristic of the particle and remaining constant during motion. We now postulate that 
the Lagrangian shall retain the same interpretation in the case od the particle moving with 
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velocity smaller than that of light. Clearly, however, it is not the time 上 but the proper time 
of the particle t that should be substituted for the parameter zr. Consequently, it is required 
that the solutions of the equations of motion (as obtained for z — r) shall fulfill the following 


condition: 
کے ےت‎ (2.10)! 


With respect to Eq. (1.7), the latter condition reduces to that of (ww) =0, i.e. to the condi- 


tion 
(ww) = const (2.107) 


The foregoing postulate can be interpreted as meaning that, from among all solutions a*— - 
=x*(m) of the equations of motion derived from the non-modified principle, only the ones: 
fulfilling Eq. (2.10’)4 are taken as describing the real motion of the particle (moving at v<1).. 


3. Motion of a spin particle moving with velocity smaller than that of light according : 
to the modified variational principle of Weyssenhoff 


Let us assume directly the proper time t for a and the system of reference X, wherein. 
p'=0. Consequently, w* is the four-velocity and w* the four-accelaration of the particle. 
By Eqs. (1.7) and (1.8), the Lagrangian Z now reduces to 

L = — 2y[1+ ly: Y (wr w) (2.11) 


By (1.10) and (2.11), the coordinates of the second four-momentum n® of the particle are 
now 


718 = 一 Vl, (ww) we (2.12) 


We now introduce the scalar so defined as 


df 1/75 ^ ^; 8‏ 
)2.13( س7 5 — VG?‏ کے رو 


wherein و‎ has the coordinates s14, ہلاو‎ s34, and 
a . 
s — the coordinates s?3, 531, 512, 


By (1.16) and (2.12), we have 


7 
So = /2(nn) (nn) = my 4 ^ (ww) h = const. (2.14) 


A ^ 
| sę zdroj eL L 
“ In the case of the usual (non-homogeneous) variational principle of Hamilton, — — 0 implies = = 26 
T 0 
eL 
a free particle. However, Weyssenhoff's is a homogeneous principle, so that 一 — 0 does not imply (2.10) and the 
2 
OT 


latter relationship has to be assumed separately. 
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In the papers already referred to, Weyssenhoff distinguishes between the following three 
notions of mass for a particle possessing spin: 


My V — (pp) (2.15) 
M,=p* (2.16) 
M — (pu)9 (2.17) 
In 2%, these constants are related as follows: 
M, = M, (2.18) 
M = | (2.19) 


with v denoting the module of the three-velocity in 24. The validity of Frenkel’s condition 
would now mean that the second four-momentum of the particle vanishes (see, Eq. (1.17)) 
which cannot be the case as then L, the Lagrangian, would be independent of w*. However, 
notwithstanding the fact this condition is not fulfilled, Eqs. (1.11), (1.12) and (1.13) now 
lead to equations resembling those of Mathisson. Indeed, let us multiply either side of 
(1.16) by We and carry out the summation. By (1.13), (2.10’) and (2.12), we have 


z. Wg (eo oe aay . 
swg = — 3 Vlo (ww) rv (2.20) 
With the notation$ 
eV eee 
M = Toyo (ww) he, (2.21) 


2y — (ww) 
Eqs. (2.20) can be rewritten as follows: 
mus 十 sw = 0 (2.20) 
whence, with respect to (2.107), 
ROZW (2.22) 
Eqs. (2.207) and (1.15) together with (2.22) form a system of equations differing from 
(0.2) and (0.3) solely in that the scalar m is not the rest mass of the particle but differs from 


it by the constant factor 1 y I ow)^. 
It is readily verified (by applying Eq. (1.16)) that the bivector s??. moreover, fulfills 
the equations 
5% 4 say wf + s" ٴ‎ wf — 0 (2.23) 


st - sław wf + sw, wt = 0 (2.24) 


5 From (11.11) the assumption of (2.10) is seen to be equivalent to assuming M=0. 
6 Obviously, m is a scalar having the dimension of a mass. 
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The foregoing equations are identival with the ones derived by Mathisson for the bivector 
of spin in the paper referred to in the Introduction. 

In order to integrate effectively the equations of motion of the particle under considera- 
tion, we now put Eqs. (1.12) in a somewhat different form by introducing the bivector of 


spin. By (1.16), these equations can be rewritten as follows: 
4T m (sug) (2.25) 
= Mgt sw 2 
Da 0 ہے‎ dT Lem B 


These equations, relating the first four-momentum, the bivector of spin, the four-velocity 
and the rest mass of the particle, will now serve together with Eqs. (1.11) for finding the 
motion of the particle in the system of reference Z,. In this reference system, these equa- 


tions can be written as follows: 


wu! + zai 2 (pw) — wt = 0 (2.2 6 
ane M 

= TT (ww) io? = — (2.21) 
2 7720 


With respect to (2.107), these equations form a set of usual second order differential equa- 
tions with constant coefficients for the function w* = w%(t). The solutions thereof wil- 
be of the form 


w(t) = AO sin (Qt + g”) (2.28) 


w*(v) = A® sin (Qr + gp) + 
Mo 


(2.29) 


wherein 4)... p are integration constants depending on the initial velocity رھ‎ and the 


initial acceleration ao of the particle in 2X, and 


4 df 2(ww)h 
Q=1/——— (2.30) 
lo 
However, the vectors 0, and ao are not arbitrary, as the constants of integration A)... pl 4 
must be chosen so as to satisfy both (ww) = — 1 and the relationship (2.107). Substituting 
w* from (2.28) and (2.29) in (ww) =— 1, we have 
"iw کو‎ ME m M,A% 
M cos? Qr + N sin? Qc + K sin 2Qr — eod cos (Qr + yp) 一 ie m 1=0 (2.31) 
my 
wh erein 
SS dtr ; ۱ 
M = >; (4%)? cos? g(? — (AM)? cos? (2.32) 
i=1 
ME 
NS 21 4)2 sin? gó) — ( AQ)? sin? Qa ) (2.33) 
i=1 


df MH 
K= 2i (49)? sin 299 — 4 (409)? sin 29% i (2.34) 
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Thus, the 4 中 .0 must be chosen so that 


M=N (2.35) 
7 (2.36) 
ما‎ (2.37) 

Mg 


The solutions (2.26) and (2.27) are now readily proved to fulfill (2.107). The relationships 
(2.35), (2.36) and (2.37) are essential. By (2.29) and (2.36), 


Mg 


7 (2.38) 


— Q^ 


M, = M, = 
۷ 


and (by (2.19)) 


M - Mg 


| ]1l-»s? 


(2.39) 


wherein v is the module of the three-velocity of the particle in 24. Thus, the particle moves 
with constant velocity. The constant M, is equal to the constant M, and, by Eq. (2.38), 
provides the well-known expression for the “‘velocity-dependent mass". 

With the notation 


o‏ ا 
y css )‏ 
Eq. (2.26) can be rewritten as follows:‏ 
A. :‏ 
a(t) = BA sin (wt + p®) (2.41)‏ 
wherein‏ 
)2.42( 23 
.> 


and t denotes the time measured in 2%. Integrating Eq. (2.41) with respect to £ we now obtain 


AY ۱ 
x(t) = — g 8 (wt + ٦ | (2.43) 
We now proceed to determine the constants 4? and 9? from the initial conditions. Let 
vj, denote the coordinates of the initial three-velocity, and ay — those of the initial three- 


acceleration. By (2.41), we have 


AQ 


= » sin gó) ; (2.44) 
© : 
heu. cc (2.45) 
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whence 
gó) = arc tg śnie (2.46) 
yao 
AO = KV GPA + Pa) (2.47) 


We now carry out a purely spatial translation of the system of reference ,ہے‎ such that Ci =0. 
Furthermore, we effect a purely spatial rotation so as to make the vector Up parallel to the 
axis xl, and the vector a, (which is perpendicular to t) parallel to x?. Finally, we reverse 
the direction of the axis x. The reference system thus obtained will be denoted by Z.. 


Therein, as seen from Eqs. (2.46) and (2.47), 


AP = 0 (2.48) 
and 
p? =0 (2.49) 
By (2.35) and (2.36), however, this leads to’ 
AD = AMS پر‎ (2.50) 
yo == (2.51) 


Substituting (2.48) ... (2.51) in Eq. (2.43) and putting C3—0, we have finally 


xl(t) — R sin ot 


x*(t) — R cos ot (2.52) 
d OG = 0 
wherein 
df A 
R = 一 一 2 
O (2.53) 


Thus, the particle under consideration moves in Y, along a circle of constant radius R 


with constant angular velocity o. By Eqs. (2.52), (2.53), (2.30), (2.47), (2.40), and (2.42) 


we have 


RUS 41=% 


RE a 
13 Dm (2.54) 
ae dy? | 408 ? 
} RU Kx p?) p n T v2) (255 
403 Ave 
w (2.56) 


7 D es (1 — v2) 


7 i 3 ia 
Obviously, 440, as otherwise Z c would be the proper system of reference of the particle, which canno t 
be the case, as then n*—0 and we would not be dealing with a spin particle. 
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Phus, if the initial velocity and the constant J, are known, the motion of the particle in 2, 
s fully determined. In this system of reference, the spin vector s, is perpendicular to the 
lane of motion of the particle and its value is 


Molo 
= l — v2 2 
NE d (2.57) 
Jn the other hand, the vector q, varies according to the three-acceleration: 
7 mgle(l — vg) ,, 
q = z a (2.58) 
1602 
cand sę are now related as follows: 
MESE. 2.59 
c [-4 % 2.59} 
sq. (2.21) assumes the form 
ve 
m= 2.60 
7 (2.60) 


ży (2.54), (2.55), (2.57) and from (2.38) and (2.39), if the rest mass my, the constant Jy and 
he spin s, (or else the constant M, or Mo) are known, the motion of the particle can be 
letermined fully, since, if my, lọ and e.g. s, are known, the velocity v of the particle and 
he radius R of the circle along which it moves in the system of reference 2, are expressed 
s follows: 


4s? 
= 一 全 2.61 
mel, ao 
Molo 
Ug = SSS SS 2.62) 
d V 16s2-- mgl ee 
vhereas the angular velocity w is given by the formula 
mele 
a L————À 2.63) 
4s? y 16s2 + mele (2.03) 
lq. (2.60) now assumes the form 
_ mals 2.64) 
rice (2.64) 


Thus, Weyssenhoff’s variational principle as completed in the present paper results 

n the possibility of considering a spin particle moving in accordance with this principle 

o be the spin model of a free elementary particle. Indeed, it would seem reasonable to ascribe 

hysical meaning not to the particle alone, considered as moving along its circular path, 

ut to the particle and its path as a whole. Thus, it is the quantity Mọ, as opposed to my, 

hat ought to represent the experimentally known rest mass of a given particle (see, Eq. 

2.38)). Now, on expressing m, by M, by means of Eq, (2.38), Eqs. (3.57), (3.61), (9:62) 
nd (3.63) yield 

RZ > (2.61) 

/4s2 + M312 — 2s, 
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we 452 + M212 — 2s; (2.621) 
1 Molo [/4s2 + 0 0 ] 
ET NID 2]2 
CE 25, V 4s? + 7818 + M2 (2.637) 
Mls. 


From the foregoing equations, on substituting a quantity characteristic of the “size” of 
the spin particle (as, e.g., the order of magnitude of the Compton wavelength corresponding 
thereto) for l, and the experimental quantities describing it (the spin and rest mass) for 
s, and My, the radius R is found to be of approximately the same order as /,9. Thus, it 
is indeed only the particle and its path as a whole that can possess physical meaning. . 


h 
E.g., putting lo = M for the electron, we have 


0€ 
1 1 
= +77 2.64) | 
VIF dai 1) ^ ھ804‎ E 
2 zB | M 
RE 2(1+ 2a? — V1 + 4a?) Myc? وو‎ Ms (2.65); 
21 h h 
Arra 
y= V+ اس‎ c ىہ‎ 6۶6 (2.66) 
27 
mą == 0.93 M, (2.67) 


wherein A is Planck’s constant, M, — the rest mass of the electron, and c — the velocity 
of light (in Eqs. (2.64), (2.65) and (2.66) use is no longer made of units for which c— 1). 
Thus, in the present case, the radius of the circular path of the electron is seen to be of the 
same order as the Compton wavelength corresponding to the electron. and the angular 
velocity w is by one order of magnitude larger than the frequency of Schrodinger's ,,Zit- 
terbewegung”. 

The author wishes to thank Professor J. Weyssenhoff for suggesting the subject 
of the present investigation, and to express his indebtedness to Professor Weyssenhoff and 
Docent B. Średniawa for their numerous valuable discussions. 
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The intensity ratios were measured for spectral lines in the four doublets of the fine structure 
of Al III: 3p?Py „aj, —3525,, of wavelength 1862.75 A.U. and 1854.71 A.U. as well as those 
of greater wavelength 4p°Py s, —4s?S,, (5722.75 A.U., 5695.47 A.U.), 5s®Sy,—4p?PY aj, 
(3702.09 A.U., 3713.10 A.U.) and Ap? PY, 2), —3d2D;,„s,, (3601.92 A.U., 3601.62 A.U., 3612.35 


A.U.). In the case of the doublet 3p?Py, „aj, —35?8,,, a considerable divergence from the intensity 
rule of 100: (94--8) was found instead of the predicted 100: 50. The results for the remaining 
doublets are in satisfactory agreement with the sum rules. 


Measurements of the intensity ratios of the fine structure of Al III were carried out 
or the resonance doublet PA Je — 393s?5,, of wavelengths 1862.75 À.U. and 1854.71 
A.U. and for the doublets of greater wavelength: Ap Ps; — 4s?5,, (5722.65 AU., 
696.47 A.U.), 5525, — 4p2Py, *P, (3702.09 A.U., 3713.10 A.U.) and 4paPy，2P 一 
dD; , *D, (3601.92 A.U., 3601.62 A.U. and 3612 A.U.). Fig. 1 shows the energy levels 
chematically. In all cases, the light source consisted of an electric spark from a spark gener- 
tor of the 77-2 type, made in the U.S.S.R., allowing of discrete setting of the parameters 
1=0.01 uF, L=0.00 mH, 0.01 mH, 0.05 mH, 0.15 mH, 0.55 mH. The photometric meas- 


irements were carried out with an M@-2 microphotometer made in the U.S.S.R. 


. Measurement of the intensity ratio of the spectral lines in the PZD dis — 3, 
doublet (1862.75 A.U., 1854.71 A.U.) 


Measurement of the intensity ratio of the spectral lines in the Hi 2p — 3 
oublet was carried out with a small quartz spectrograph of high luminosity, built chiefly 
or this purpose (Kisiel, Niewodniczański 1958), through which CO, was blown. An A. Hilger 
otating sector was used as step attenuator. The measurements were made by the method 
f monochromatic photometry (Dorgelo 1925) on AGFA Schumann plates. The measure- 
ient of the intensity ratio of the spectral lines in the resonance doublet was preceded by 
arious supplementary tests aimed at obviating the possibility of an erroneous evaluation 
f the ratio. Carbon dioxide was made to flow through the quartz spectrograph, in order 
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Fig. 1. Diagram of transitions in AL III 


to replace atmospheric oxygen which is opaque throughout the spectral region investigated. 
The limit of transmission lies in the neighbourhood of 1850 A.U. for crystalline quartz, and 
about 1840 A.U. for CO, (Granath 1931). Thus. the doublet investigated lies within the 
spectral region of decreasing transparency of both quartz and CO,. It was necessary to 


eliminate the effect of wavelength-dependent variations of the transparency on the intensity 
ratio, 


1.1 Effect of transparency gradient of crystalline quartz 


The effect of the transparency gradient of quartz on the intensity ratio of the lines 
in the 3p—3s doublet was assessed by comparing the results obtained with the quartz spec- 
trograph and those obtained with a vacuum spectrograph with fluorite optics completely 
transparent throughout the spectral region investigated (Sawyer 1951). The results yielded 
by either, in identical conditions of the light source, did not differ beyond the limit of error 
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able I). This test ruled out the possibility of an essential effect of the transparency gradient 
f quartz on the intensity ratio measured. Thus, the absorption coefficients are approxi- 
ately equal for the wavelengths 1855 and 1863 A. U. 

TABLE I. 


tensity ratio for 1854.71 A.U., 1862.75 A.U. doublet as measured with small quartz spectrograph and fluorite 


spectrograph. 

Quartz spectrograph Fluorite spectrograph 
100: 123+3 100: 1264-3 
100: 1204-3 100: 1264-3 
100: 1254-3 100: 1244-3 


1.2. Effect of transparency gradient of carbon dioxide 


Light of wavelength 4 and intensity (Lo after passing through two different absorbents 
f thickness x and y and coefficients of absorption u and x, will have the intensity 


(La) xy =a je "e ™ (1) 


[he intesity ratio, of two spectral lines of wavelengths A, and 45, on emerging from these 
ibsorbents, will be given by 


l l ۱ 
1 LE. 1 e~ (Mah) x — (xi — رید‎ y 2 
| b, E ( a 0 | i 


vherein 44, U, are the respective absorption coefficients of the one absorbent with respect 
o the wavelengths 4, and 4s, whereas ہ×‎ % are those of the other absorbent. 

Eq. (2), as applied to lines of the wavelength 1863 and 1855 À. U. absorbed by quartz 
nd carbon dioxide, and on introducing the notation m instead of مم‎ - u, and writing 
44 —%,~0 for quartz, in accordance with the conclusion of Section 1.1, can be rewritten 


Toa EIUSMO 3 
= (75) ہے‎ 6) 
T iges | xy g63 / 0 
"hus, the determination of the ratio (I4s55/1863)0 reduces to a measurement of (14g55/11863)xy 
t known thickness of the CO layer and to determining the coefficient u from two different 


hicknesses of the carbon dioxide layer. 
The experimental results obtained with the quartz spectrograph are assembled in Table II. 


The experimental mean value of w amounts to 


u = (0.0047 + 0.0005)em71 


n the form 


'he foregoing result would seem unexpectedly high assuming the effect to be accounted 
or by the transparency of pure CO, only. However, technical CO, containing impurities 
ad been used and the CO, current had been unable to eliminate all traces of atmospheric 


xygen, so that the result seems trustworthy. 
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TABLE II 
Results of measurements of absorption in CO, for lines of doublet 1854.71 and 1862.75 A.U. 


Distance of Absorption 
No. | plateholder and Ta Pers Tees (Lige2)mean | esa 1563) mean coefficient 


light source cm cm" 


100: 132 | 0.0053--0.0025 
1 59+1 100: 132 100 : (132--3) 074-1 00043-00009 
0.0047--0.0010 


2 80-1 100 : 159 100 : (151-44) 0.66 上 0.02 | 0.0037-0.0018 (2—3) 
100 : 145 0.0046 上 0.0014 (2—4) 


3 114--1 100: 175 100 : (1722-4) 0.582- 0.02 0.0054--0.0025 (3—4 


4 1564-1 100: 195 100: (209--12) |  0.46--0.04 


1.3. Effect of alien lines 


Within the nearest vicinity of the lines of the Al III doublet, there are several lines 
belonging to Al II, NII and O II. The presence of the Al II lines presented very considerable 
experimental difficulties when using the small quartz spectrograph of linear dispersion 
17 A.U./mm throughout the spectral region of 1850 A.U. to 1860 A.U. From the set of lines 
in Fig. 2, showing the neighbourhood of the Al III doublet, it will be seen that the only line 
to affect essentially the intensity ratios in the doublet under consideration could be the 
A] III 3p2 P$ —4s35, line of wavelength 1862.38 A.U. nearest to the doublet line of 1862.75 


ALII 1854.71 (3p *Py,-35 Sy) ALI 1855.97 ALII 1859.99(6 F-3 D) NII 1862.57 ALI 1862.75 


\ 


3 NZ OLGA 


ALII1854.76(9p'P-45*5) 0111861.60 — ALI 1862.38 (45 5,-3p °8 „14 8 - 455.) 


Py, 35 Sy) 


Fig. 2. Lines surrounding those of 3p—3s ALI doublet 
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ALU. The lines 9p3P, — 4s*5, (1854.76 A.U), 6! F, — 31D, (1858.88 A.U.), and the line 14p1P, — 
—4s15, possessing the same wavelength as 3p3P, —4s35, should not be expected to play 
an important part because of the theoretically low probability of transition as compared 
with the Al II triplet. In order to assess the part played by the lines of O II (1861.60 A.U.) 
and N II (1862.57 A.U.) in the blackening profile of the Al III doublet, exposures were made 


25 


intensity [arbitrary units ] 


— 18630 1863.5 A[À] 


Fig. 3. Profile of 1862.75 A.U. and 1862.38 A.U. lines 


for Ni, Cu ind Pb electrodes. Although the time of exposure was in excess of that for the 
AI electrodes, the spectrograms failed to reveal the presence of lines emitted by O a and N II. 

The lines 1862.75 A.U. and 1862.38 A.U. failed to be separated at the dispersion of 
17 A.U./mm. In order to obtain their separation, a different spectrograph had to be employed. 
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1.3.1. Separation of the lines 1862.38 A.U. and 1862.75 A.U. 


The lines 1862.38 A.U. and 1862.75 A.U. were separated using a Zeiss spectrograp 
of linear dispersion 3 A.U./mm throughout the range of 1850 to 1860 A.U. especially adapte 


to the purpose. 
The profile obtained is shown in Fig. 3. The absence of a minimum of the blackenin; 


between the separated components can be explained by the considerable width of eithe 


Fig. 4. Division of line profile in process of photometrisation 


line due to the high temperature of the source and by the low intesity of the 1862.38 A.U 
line as compared with that of the line 1862.75 À.U. The method of finding the intensity 
of either line by graphical determination of the axis of symmetry of the profile peak ani 
then subtracting the parts thus separated proved to be insufficiently exact. 
The following method leads to considerably more exact determination of the position 
of the symmetry axis and thus reduces the error in measuring the intensity of the components 
۱ The profile of blackening is photometrized in such a manner that the sum of the consec 
utiye positions of the photometer slit shall entirely cover the photometrized profile (Fig. 4. 
This photometric procedure yields the image of the profile in the shape of a histogram consist 
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ing of rectangles of equal base and of heights corresponding to the mean blackening of the 
profile. A similar histogram, to intensity scale, is obtained usin g the blackening characteristic 
curve. From the intensity profile obtained, the symmetry axis of the peak of one of the 
lines can be derived on the assumption that the contribution from the intensity of the other 
line to the maximum of the profile is negligible (the “tail’ of the weaker line vanishes before 


ees 1d | 2‏ 
رم = رھ 0 ما 


Fig. 5. Finding of symmetry axis of profile peak 


the axis of separation of the areas). In determining the axis of symmetry, the following two 
cases should be distinguished: 

a) If the peak of the profile is defined by three experimental points (Fig. 5 A), the position 
of the symmetry axis of the peak is determined by the centre of gravity of the areas of the 
rectangles determining the peak of the profile. The centre of gravity can be obtained from 


the formula 


Bhat bs b 


= $ 4 
Phe a La (4) 


x 
wherein x denotes the distance of the axis of symmetry from the edge of the central rectangle 
(Fig. 5 A), bj, b, and b; are the heights of the rectangles corresponding to the intensities 
in the histogram, and a is the width of a rectangle in the histogram. e 
b) If the peak of the profile is defined by four rectangles (Fig. 5 B), the position of the 
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arly as sub a) is given by the formula 


5b4 + 3b, + b, — Dy | 
= D 5 
Y = 20 pis d bye ba ( 


symmetry axis computed simil 


wherein y is the distance shown in Fig. 5 B. 
The error in computing the centre of gravity from formula (4) or (5) arises solely fron 


the measurement of the line intensity. 


intensity 


On determining the axis dividing the profile, the intensity ratio of the weaker component 
with respect to the total intensity is derived immediately. This ratio is given by the formula 


اپ رے S‏ 


(6) 


a= P 
sor 
wherein the quantities s and r are the areas under the profile to either side of the straight 
line dividing it (Fig. 6). The quantity a is an expression of the deformation contributed te 
the profile by the weaker component. Eq. (6) yields the intensity ratio of the weaker line 
with respect to the total intensity provided 
1) the resolution of the spectrograph and photographie plate exceeds the distance of ths 
components separated, and 
2) provided the profiles of the lines are perfectly symmetric i.e. mapping of the line is no 
deforme i 16 fects i > S "O é > setti 1 
formed owing to optical defects in the spectrograph and to the setting of the latter wit 
respect to the light source. 
If the neighbouring lines exhibit deformation of profiles owing to the optical systen 
used, the correct values of the intensity ratio of the weaker line as referred to the total profil 
is given by the relationship 


a—y+ 6 (7 
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wherein ¢ — is the total deformation of the profile due to the presence of the other line 
and to the optical system, and y — is the deformation due to the optical system as determined 
_ by means of Eq. (6) in a measurement of some other line. 

Eq. (7) is of special importance if the component measured is weak with respect to 
the intensity of the entire profile, as then the insignificant deformations of the profile, 
which occur in almost all cases, can come to play an important role and viciate the results. 

The foregoing method was used in measuring the intensity ratio of the lines 1862.35 
A.U. and 1862.75 A.U. Experimental conditions fulfilled the requirements formulated. 

From the theoretically computed resolution of the spectrograph employed, the latter 
should provide for separation of two lines differing by 44 = 0.049 A.U. at a wavelength of 4 = 
1863 A.U. The difference in wavelength between the lines separated amounted to 0.37 A.U. 

The spectograph used in the measurements had a linear dispersion of 3 A.U./mm 
in the spectral region about the lines investigated. With this dispersion, the distance between 
the lines on the photographic plate amounted to 0.12 mm, corresponding to a separation 
of 8 marks per mm. Thus, even for emulsions of very large grain size, the dispersive power 
is several times higher than required (Sawyer 1951). 

All spectra of the neighbouring 1854.71 A.U. line exhibited certain insignificant de- 
formations due to the optical system and caused by changes in the position of the incandescent 
spark channel in the spark gap, so that Eq. (7) was applied. The results are assembled in 
Table III. 

TABLE III 
Assessment of deformation in profile of lines 1862.75 A.U. and 1854.71 A.U. 


|Mean deformation|Mean deformation Statistical 

Do SOS) or 1854.71.A.0. | of 1654.71 AU. a—y=B s „kdo Mean value 
pec profile « profile y measurement p 
A/20/1 0.12 十 0.01 0.02 十 0.01 0.10--0.02 4 

A/20/3 0.10--0.02 0.02--0.02 0.08--0.04: 4 

A/22/2 0.12 十 0.01 0.02--0.01 0.10--0.02 11 

A/24/1 0.13--0.01 0.04--0.01 0.09--0.02 10 

A/24/2 0.10 十 0.02 0.00+0.02 - 0.100.04 12 0.096--0.011 
A/24/4 0.12--0.01 0.02--0.01 0.10--0.02 9 

A/26 0.17--0.02 0.060.02 0.110.04 7 

A/27 0.13--0.02 0.04+ 0.02 0.09--0.04: 11 


The degree of precision in determining the quantity f is small owing to the low intensity 
of the 1862.38 A.U. line with respect to the intensity of the entire profile. The mean value 
of the intensity ratio of the weaker component with respect to the total intensity, on taking 
into account the statistical weight of each series as given by the number of measurements 
therein, is 


0.011 + 0.096 = مق 


Hence, the Al II 1861.38 A.U. line accounts for almost 10% of the intensity of the entire 
profile; the remaining intensity is due to the line 1862.75 AU. of Al III. With the values 
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of the corrections for the presence of the 1862.38 ALU. line and for absorption in CO,,, 
the true value of the intensity ratio of the doublet 1862.75 A.U. and 1854.71 A.U. could! 
be determined. The experimental figures are given in Table IV, wherein Column 7 contains; 
the results obtained on introducing all corrections. The results diverge greatly from the: 
predicted value, namely, we have 100: (94-48) instead of 100 : 50. Moreover, the results ; 
are seen to be independent of the current intensity variations in the spark column. 


TABLE IV 


Results of measurements of intensity ratio for resonance doublet 3p*Pi),, Py 3*5 


1 2 3 4 5 6 7 
Conditions 008007 Lyssą * ses True intensity 
of of first % T ri krzy: Mean value corrected for اناد‎ 
یا کے‎ cm measured Ob Doras tases | CA TETRA 
C=0.01 uF 100 : 129 
L=0.00 mH 100 : 146 
Distance of 100: 129 
electrodes 100: 135 
d=5 mm = 59 士 1 100: 141 100: (135.8+2.9) | 100 : (104--6.4) 100 : (944-8) 
U, =4000 V 100: 141 
100: 138 
100: 135 
100: 129 
100: 135 
C=0.01 pF 100: 157 
L=0.01 mH 100: 149 
d=5 mm 126 80-++1 100: 159 | 100 :(151.4+3.9) | 100: (105.2--9.2)| 100: (95-411) 
U, =4000 V 100: 145 
T=2 usec 100: 147 
C=0.01 uF 100: 158 
L=0.15 mH 100: 141 
d=5 mm 100: 138 
T=7.7 usec 100: 148 
32 80--1 100 : 149 100:(147.14-2.9) | 100:(102.54-8.2) 100 : (924-10) 
100: 145 
100: 152 
100 : 147 
C=0.01 uF 100: 146 
L=0.55 mH 100: 132 
d=5 mm 17 59+1 100: 132 100:(131.6--3.3) | 100:(101+7) 100: (91-=9) 
T=14,7 Usec 100: 129 
100: 125 
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2. The doublet 4p*P, ,?P,, — 4s*S, (5722 A.U., 5626 A.U.) in the visible. 


Measurements of the intensity ratio for the 4p2P, مر‎ Py, — 4As*S, doublet of wavelengths 
5722 A.U. and 5696 A.U. was carried out with a glass spectrograph provided with a direct 
vision prism, constructed at this Institute. Rot Rapid AGFA plates were used for recording. 
The intensity was marked by means of a rhodium step attenuator made by Higler and Watts 
in London. 

The measurements were carried out by the method of heterochromatic photometry 
(Dorgelo 1925), using a tungsten normal lamp of colour temperature 2850? K. Owing to 
the presence of bands of aluminium oxides near 5700 A.U. (Mecke 1926), the measure- 
ments were made at the inductance of 0.05 mH only, for which the intensity of the head 
of band (5687 A.U.) was much lesser than the intensity of the doublet measured. The experi- 
mental results are given in Table V. 


3. Al III complex doublet 4p?P,, , *P., 一 3d*D,,, Ds, (3612.35 A.U., 3601.92 À.U. and 
3601.62 A.U.) and doublet 5s?S,, — 4p*P,,, Py, (3702.09 A.U., 3713.10 À.U.). 


Measurements of the intensity ratios for either doublet were carried with the large 
quartz autocollimation spectrograph constructed at the Institute of Physics of the Jagellonian 
University, Cracow, using the rhodium step attenuator from Hilger and Watts in London 
and Ultraviolet Platten AGFA plates. 

In measuring the complex doublet, the linear dispersion of the spectrograph, which’ 
amounted to 9.9 A.U./mm, was insufficient for separating the lines of wavelengths 3601.62 
A.U. and 3601.92 A.U. Thus, the intensity ratio (Iggo1.62 + 73601.92) : T3612.35 Was measured. 
The predicted intensity ratio for this doublet is 100 : 50. The wxperimental conditions ' 
here were found to be greatly to the advantage, as the Al II line of 3603.6 A.U. present 
was sufficiently far apart from the 3601.92 A.U. line to have no effect on the measurement. 
The results are assembled in Table V. 

Measurement of the intensity ratio in the doublet 3713 A.U., 3702 A.U. was rendered 
difficult through the presence of a continuous background varying with the wavelengths. 


TABLE V 


Experimental intensity ratios for levels Ap?Pi, , نظ‎ 


(Ig6o1.62 + (وم مو‎ : 13612.35 13713.10 13702.85 75696 : T5722 
0.05 mH 0.15 mH 0.55 mH 0.05 mH 0.05 mH 
Imax = 36.6 A 32.5 A 17A 56.6 A 56.6 A 

100: (53.6--1.3) 100 : (53.4--2.0) 100 : (52.8--1.1) 100: (55.2--1.0) 100: (56.5-+ 1.9) 
100 : (54.04-1.0) 100: (52.8-+ 1.5) 100 : (55.2+2.4) 100: (53.4--1.7) 100 : (55.5 1.2) 
100: (55.0--1.0) 100 : (53.8-- 1.3) 100 : (54.6--1.2) 100 : (55.4--1.4) 100: (55.2--1.7) 
100: (51.5-L0.9) 100: (55.0 士 5.3) 100 : (52.5 士 1.0) 
100: (52.1--0.9) 100 : (51.6 士 0.0) 
100 : (53.0 十 1.0) 100 : (50.5-- 1.1) 
100: (50.3-+1.2) 
100 : (53.8--1.2) 
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Measurements were carried out with the inductance of 0.05 mH only. If a larger inductance 
was used (0.15 mH, 0.55 mH), the intensity of the background around the doublet increased 
with respect to that of the latter to an extent that rendered measurement impossible. The 


results are shown in Table V. 


1. Discussion of results and conclusions. 


The experimental results of the present investigation corroborate only in part the rule 

2 s T d g ^ $ € o 2 : B żę کیک‎ 
of intensities. The results in Table V relating to the levels 4p?P,,, Ps), are m satisfactory 
agreement with the theoretical predictions. At the same time, those relating to the resonance 
: o 


doublet 3p?Pi,, *P,, 一 3s*5,, (Table IV 


As the discussion of the results for the resonance doublet given in Section 1 dealt exclusively 


) diverge considerably from the intensity rules. 


with the experimental methods employed, we have yet to discuss the conditions prevailing 
within the light source and their effect upon the intensity ratios of the resonance doublet. 
Weizel and Rompe’s (1949) theoretical analysis of the spark discharge mechanism, together 
with the experimental results of Sobolev (1943) and Lodygin et al. (1958) proves thermal 
equilibrium to be established in the spark column within a time interval shorter than 107° sec 
(for Al electrodes — 1077 sec). This would argue in favour of the Al** states being invested 
to a high degree of approximation according to the Boltzmann distribution. The approxima- 
tion becomes better the longer the period of a single oscillation of the current. For the elec- 
| tric spark used the period of a single oscillation varied from 2 to 15 usec for the various 
parameters of the circuit. Hence thermal equilibrium should necessarily be assumed to 
exist in the spark discharge analyzed. For the doublet of wavelengths 1862.75 A.U. and 
1854.71 A.U., the separation of the multiplet components amounts to 234 cm? correspond- 
ing to a difference in energy of about 0.01 eV. Hence the effect on the population of the 
states ?P,, and *P,, of both the time necessary for thermal equilibrium and the existing 
insignificant deviation from Boltzmann energy distribution will be small. 

Reabsorption within the light source can give rise to considerable error in measuring 
the intensity ratio. The direction in which variations of the intensity ratio oceur due to 
reabsorption depends on the system of initial levels as related to the final states. In the case 
of a transition from two different upper levels to one and the same lower level, the intensity 
ratio of the lines will tend to unity as reabsorption increases (Frish 1950). This is precisely 
the case of the resonance doublet of Al HI (Fig. 1), and the experimental value of the inten- 
sity ratio is 100 : 94 instead of the theoretically predicted 100 : 50. Thus, the divergence 
might be presumed to be due to reabsorption, This conclusion, however, should be rejected 
on considering in greater detail the physical conditions in the light source. 

In our experimental work, the intensity ratio was measured for several different values 


of the inductance in the spark circuit. The maximum current amplitude of the first oscilla- 


tion computed from the formula J = U. 7 (Keiser, Wallraff 1939) varied from 17 to 


130 A for the capacitances and inductances at disposal in the spark generator. According 
to Sobolev (1943), this change in amplitude of the current involves a change in temperature 
from about 60007 to 9000* K. The corresponding concentration of Al** ions in the ground 
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state as computed from the Saha relationship is 1.63 x 101! ions/cm? at 6000°K and 2.4 x 1014 
ions/cm? at 9000°K. As the concentration of Al*^* ions changes by a factor of 1500, the 
effect of reabsorption should be essential in influencing the experimental results. The fact 
that the latter are indeed independent of these strong variations in the excitation parameters 
seems to disprove sufficiently any essential effect of reabsorption on the intensity ratio 
measured. 

The conclusion from the present discussion would rather be that the experimental 
divergence in the intensity ratio of the 1862.75 A.U., 1854.71 A.U. doublet resides in the 
structure of the 5p level of the Al** ion. However, theoretical and experimental data are 
as yet too scanty for any specific kind of perturbation to be suggested for this level. 
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THERMOELECTRIC PROPERTIES OF CADMIUM ARSENIDE — CdzAs; 


By WiIToLD ŻDANOWICZ 


Institute of Physical Chemistry Polish Academy of Sciences, Department of Physics, Institute of Technology, 
Wrocław 


(Received March, 9, 1961) 


Measurements of the thermoelectric power of CdsAs。 have been carried out, and the value 
« =—60uV/?C at 25°C with respect to Cu was obtained. From the temperature dependence of 
« between 25—400°C, the value of the reduced Fermi level and its temperature dependence 


= pp estimated. Within the investigated temperature range 7 was larger than 2.8. Hence 


it follows that the Fermi level is situated within the conductivity band, and the electron gas in 
CdsAss is degenerated. From the temperature dependence of 7 a proper correction for electron 
gas degeneration was introduced into the terms of temperature mobility and concentration of 
electrons. The magnitude of effective electron mass in Cd5As; at 1-2576 amounts to m, =0.046 my. 
In extrinsic range m, is practically constant, while in intrinsic range it changes according to the 
formula m7/mg^ T9-9. A qualitative attempt was undertaken to explain the difference between 
the width of forbidden band obtained from the measurements of optical absorption edge (0.6 eV) 
and that obtained from the measurements of the Hall constant and electric conductivity (0.14 eV), 


Introduction 


In earlier papers (1) the measurements of the Hall constant, resistivity and magneto- 
resistivity of Cd,As, were presented and, basing on the Boltzmann's ditribution and the band 
model of semiconductors, a tentative interpretation of the obtained results was given. As 
the value of free carrier concentration in Cd,As, (of the order of 2-5 x 1018 cm~?) suggested 
hat the electron gas is degenerated, the measurements of thermoelectric power were carried 
jut and the position of the Fermi level 7=¢/kT was calculated. The obtained results have 
entirely confirmed the supposed degeneration of the electron gas in CdsAss and allowed 
o calculate the value of effective electron mass. 


Thermoelectric power measurements 


The results of measurements of thermoelectric power and its temperature dependence 
x —f(T) are shown in Fig. 1. The temperature between 25° and 400°C was determined by 
in iron-constantan thermocouple. The potential difference between two copper wires of 
)3 mm diameter, sealed to the CdzAsę sample (together with thermocouples by means 
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Fig. 1. Temperature dependence of thermoelectric power of CdzAsz between 290° and 700°K 


of tin), was measured by a d.c. potentiometer. The temperature gradient amounted to 
10-12°C in average. In these measurements there were samples for which the Hall constant 
and resistivity were given previously. For all the examined samples the value at 25°C was 
in average equal to —60uV/°C. 


Discussion 


As the theory of good conducting semiconductors with degenerated electron gas was 
elaborated in detail in (2) (3), in the present paper there are only presented proper equations 
and interpretation of the results obtained from thermoelectric power measurements as well 
as from those of Hall constant and electron mobility in Cd4 As, published earlier (1). Basing 
on the fact that in CdzAs, in the whole temperature range the thermal scattering prevails 
and only one type of electron carriers comes in question the value 7 the so called reduced 
Fermi level, may be calculated from the thermoelectric power (2). 


a) Fermi level calculation 


The general equation for thermoelectric power for any degeneration degree of electron gas 
in semiconductors is given bv: 


9 k|2+r F,+1(9) | 
i "Oel F,(ń) ; 
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where F’'(7) is the Fermi function given by the formula 


na 
F,(q) = jc E ox—n dx 
0 


In the case of atomic lattice with carriers of the same sign and the free path of electrons 
being independent on their energy, r=0 and 
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In calculations analogical to those given by Tauc and Matyas (3) the temperature dependence 


of reduced Fermi level 7= ET was found for CdsAss (Fig. 2.). It is seen that in the whole 


kT 


investigated temperature range 7>2, and within the intrinsic range changes minutely from 


9 = E/k1 
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Fig. 2. Temperature dependence of reduced Fermi level 7 = Do 


j—2.8 to n=3.1. Because of outstanding electron character of the investigated material, 
the influence of holes was not considered during the plotting of y=f/(T). The value 7>2 
confirms immediately the degeneration state of electron gas in Cd3Asy. 

In Fig. 3. the temperature dependence of the Fermi level €=7.kT is shown (rao 
—2 x 1018 cm~’). It is seen that £ value is but slightly depending on the temperature within 
he extrinsic range. In the intrinsic conductivity range ¢ changes from —0.12 eV to —0.17eV. 
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Fig. 3. Fermi lewel ¢ = kT as the function of temperature 


as taken from the bottom of conductivity band. There should be noted here, that similar 
value as well as temperature dependence the Fermi level in InSb at N5 —N4—1018 cm $ 
possesses. (6). 


b) Electron mobility 


To obtain the specific value of the Hall mobility in degenerate semiconductor the term 


8 RR, A 2 EL EM) ٣ 
f= Us (R ø) is to be multiplied by the coefficient f; = = TACIE , whichis the 


function of the Fermi level only. 
Fig. 4. shows the temperature dependence of Hall mobility before and after introdue- 
ing the correction for degeneration in the Cd5As, sample. It is seen that after introducing 


the correction the slope of the curves does not change what confirms the predominating 
role of thermal scattering in CdzAsą according to the law 4 一 人 一 25. 


c) Electric conductivity 


As it was shown earlier (1), the temperature dependence of the Hall mobility in CdzAsą 
at low temperature is expressed by the law uy=T-1. This dependence may be directly 
obtained from the theoretical equation for degenerated semiconductor. In this case 


3 ló6zm*e?k Tl, 
M 3h3 


Oo 


(r T 1) F,(n) 
: à l 
For strong degeneration, when >l, lim F,(y)— — y! 
n> r4- l 
For atomic semiconductor r=0 and 
F,(n) = In (1 + e”) ~n 
hence 
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‘ig. 4. Temperature dependence of Hall mobility before and after introducing the correction for degeneration 
in the Cd4As, sample. 


„onsidering that: 
سے‎ ah*Cy 
m ۶ٰ ٦ 


ve obtain 
= he?Cg é 
nam E? -kT 
"n 
is it will be shown later m* depends on temperature in lesser degree, and the remaining 
alues are constant or nearly independent of temperature. Hence 


1 
o = const * — 
'he agreement between the above obtained result and the experiment is most satisfactory, 
s for the impurity range the current carrier concentration n=const. and so y~T=. 
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Fig. 5. Dependence of log oT vs. T. 


In Fig. 5. the dependence of log oT vs. T is presented. The insignificant scattering of ` 
experimental points results here undoubtfuly from the measurement errors of T and o. 
The obtained result is in keeping with the theory of strongly degenerated atomic semicon- 
ductor and once more it confirms the degeneration state of electric gas in Cd3Asy. 


Determination of effective electron mass 


The effective electron mass was estimated from the equation 


*\ 3/, 5 
n= 4 A = Fi, (7) 


mo ya 


where A = 4.825 x 1015T cmr-3. 

The use of this formula is fully justified by the typically electronic character of the 
material being examined and the strong thermal scattering predominating in the whole 
investigated temperature range. The electron cooncentration was estimated from the equa- 
tion for Hall coefficient 


where f,(7) is the mentioned Fermi level function. Fig. 6 shows the dependence of n —f(T). 
In Fig. 7 there is presented the temperature dependence of the effective electron mass 
of Cd4As, between 207-400" C. As shown in this plot, in extrinsic range the effective mass 


. . . . . . . . . * 
is practically constant, while in intrinsic range it changes according to the formula m,,/mg~ 
رت‎ 9 


Forbidden band 


The data obtained, as yet, on the electric and thermoelectric properties of CdzAs; 
confirm the fact that responsible for the degeneration of electron gas are: high concentratior 
of carriers (2-5 x 1018 em”), low activation energy (0.14 eV), and above all, small effective 
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Fig. 6. Temperature dependence of electron concentration in CdzAsz before and after introducing the correction 
for degeneration 
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Fic. 7. Effective electron mass of CdzAsz as the function of T between 300° and 700°K. 


electron mass. Energy bands of such material are characterized by a very small curvature 
radius E(k), thus enabling the explanation of large discrepancy between the values of forbid- 
den band widths in CdzAsz obtained by optical (0.6 eV) and electrical (0.14 eV) methods. 
These values were obtained by Moss (5) and confirmed by the author of the present paper). 

This large divergence between 4E, and AE, values cannot be explained in terms 
of a temperature effect on the width of the forbidden band. If, however, one considers that 


the temperature coefficient of activation energy, calculated from Moss measurements (5) 
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amounts to a= +4.7 x 10-* eV/degree, then for 0°K one obtains A Eoy, = 0.44 eV. Tha 
difference between this value and AE, —0.14 eV is still so large (0.3 eV) that it cannot be 
assigned to some casual measurement errors or to the application of Maxwell-Boltzmann 
statististics in calculation. | 

As it was shown in measurements of resistivity changes in magnetic field the longitu- 
dinal magneto-resistivity in Cd5As; equals Ao[og > 0, what points to the composed structur 
of the energy bands in this compound. In keeping with the selection rules of quantum me- 
chanics, there exists in CdgAs, the possibility of direct transitions of optical electrons from: 
the filled up band to the lower unoccupied energy bands situated in the conductivity band 
of energy E’ higher than the width of the forbidden band E,, and which may give rise to 
the strong absorption edge. Basing on the band model of InSb and Burstein's interpretg- 
tion (4) of the phenomenon of the optical absorption edge shift at high cencentrations of 
admixtures and low effective electron mass, it may be easily understood that in the case * 
of Cd,As, at a concentration of electrons of the order 5 x 1018 cm-? and effective mass: 
m —0.046 my one may only obtain, from the optical absorption edge measurements, the : 
direct transition of optical electrons from the valence band into energy levels situated within | 
the conductivity band at the height of the Fermi level. Below the Fermi level, due to the | 
small curvature radius of conductivity band, even at comparatively low number of free 
carriers, all the energy levels are occupied. 

The comparison of the results obtained by Burstein for InSb with those presented in 
this paper for CdgAs, is striking. Burstein has obtained the following formula for the absorp- 
tion edge AE, in InSb. 


* 
My 


AE. = AE, + ( + ) (6 = K aS 


where (€—4kT) determines the position of the first unoccupied energy lewels with respect 
to the bottom of conductivity band E,. Basing on the above given formula, Burstein presents 
in his work the curves characterizing the position of the optical absorption edge 1 ہہمظط‎ in 
dependence on electron concentration for InSb. In spite of some simplifications introduced 
in this formula, the agreement between experimental data and theory is good. 

In CdgAs, the effective mass does not differ very much from that in InSb (InSb —0.036m, 
CdgAs, —0.046my). Also the activation energies for both these compounds do not differ 
very much from each other (in T—0?K for InSb —0.26 eV, CdgAs, —0.14 eV), and moreover, 
the electron concentration at which the degeneration in InSb starts amounts to 1.2 x 1017 cm~? 
at 300°K, while in the examined samples of CdsAss the same order of magnitude may be 
assumed as well. Then one may accept that the Burstein’s formula and the resulting curves 
of AE,,, vs. electron concentration are aproximately valid in the case of CdzAsz too. At 
electron concentration of the order 10% em^?, AE pt obtained from theoretical plots of 
Burstein should be equal to ~ 0.6 eV. while the activation energy for CdzAsą obtained from 
optical measurements accomplished on thin evaporated layers (5 x 1018 cm~?) amounts to 
just ~ 0.6 eV. The measurements of the optical absorption edge at different temperatures 
and at different carrier concentration should confirm the Burstein interpretation in application 


to Cd Asz: 
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Final remarks 


Although the data concerning the electric and thermoelectric properties of CdzAsą 
presented in this paper, as well as in the earlier publications (1) provide much information 
on this less known semiconductor, some further investigations are still required to obtain 
the whole picture of the conductance mechanism in CdzAs, and its band model. First of 
all, there should be prepared a well oriented monocrystal of the electron concentration of 
the order 1017 cm~’, as well as a p-type material which would make it possible to estimate 
the value of the mobility ratio of the electrons and holes. The value b=1.3 obtained by 
the author from the temperature dependence of the thermoelectric force in the instrinsic 
range seems to be too low. 

Note added in proof. The additional informations on Cdz Asa, which was obtained 
after the paper was submitted for publication, are reported by W. J. Turner, A. S. 
Fischler and W. E. Reese in Phys. Rev., 121, 759 (1961). 

The author wishes to express his sincere thanks for the help and interest to Professor 
W. Trzebiatowski who supervised these investigations, as well as to Mr Raułuszkiewicz 
and dr Kołodziejczak from the Institute of Physics PAN in Warsaw for the optical meas- 
urements and valuable remarks. 
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Multiple production of strange particles has been treated. The resonsnce interaction of 
strange particles are taken into account. The law of strangeness coservation is taken into considera- 
tion more exactly. It has been shown by an example of slow antinucleon annihilation and pion- 
nucleon collisions at 1.7 BeV that the theoretical cross sections for strange particle production 
may be brought into agreement with the experimental data. 


1. Introduction 


Strange particle production at high energies and in slow antinucleon annihilation has 
een considered in numerous papers (see [1]-[3], where references are given). It has been 
hown that by choosing properly the spatial volumes in which strange particles are generated, 
t is possible to obtain the values of the total cross section for strange particle production 
rJ, close to experimental ones for (zV)- and (NN)-interactions. The introduction of 
lifferent volumes is found to be a means for a phenomenological account of the differences 
n the magnitude of the interaction between particles of various kinds [1]-[4]. At the pres- 
nt time, however, there are experimental data which can hardly be accounted for by using 


uch a rough model [5]-[9]. The most important result is that the experimental cross 


ection for K-particle production exceeds the theoretical one approximately by an order. 
[his can be illustrated by the annihilation of slow antinucleons where the cross section 


;. coincides with that for K-meson production 


st 
امیا حر‎ as Og Tia ا‎ ża. 


in is the total cross section for all inelastic processes). 


2. Strangeness Conservation 


From the mathematical point of view the difference between the theoretical and experi- 
nental cross sections o,, is due to the fact that in the statistical weights the exponent of 
he parameter determining the ratio of the spatial volumes for K- and z-mesons, = 


(657) 
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= Vg[V, <1, turns out to be greater for the reactions involving K- mesons than for thoss 


involving hyperons. ۱ 

From the physical point of view this is equivalent to the assumption that strange parti 
cles as well as x-mesons and nucleons may be generated one by one; the conservation 
of strangeness is required only when the statistical equilibrium is already established. 

In order to bring the experimental and theoretical data into agreement we give up thi: 
assumption and will suppose that each time strange particles are produced by pairs. Each 
act of the strange particle pair generation is characterized by the “interaction constant’ 
4. The spatial factor in the expression for the statistical weight may be now put as 


_ Asie K K-1pl , 72 l -Kyl-1 _ zgaeK—1 K+ lë yK+1-1 
y= (zr) ŻE وق‎ © (x) ۷ہ‎ vive. GUC JAJ 


(1) 


where K is the number of K-mesons. S is the number of all generated strange particles: 
(K +1) is the total number of the generated particles; G is the factor which takes into account: 
the identity of particles, V, —is the Fermi volume. (Just as in [1], the law of centre-of-mass 
conservation is taken into account here). 


3. Secondary interactions 


There are at present some experimental data which indicate the existence of an 
appreciable interaction between K- and z-mesons. The most important ones are the fol- 
lowing: 

1. An analysis of the correlations between K- and z-mesons produced in (zp) col- 
lisions at the energy E=7 BeV enables us to draw a conclusion about the resonant interaction 
between K- and z-mesons with the “isobar” mass of mę» = 0.82 BeV [10]. 

2. The asymmetry of the angular distributions of strange particles produced in the 
collisions of pions with nucleons (see e.g., [7]), may be understood if one takes into account 
the “peripheral collisions” of a primary 77 meson with the K-meson cloud of a nucleon 
(cf. $5 in [11]). The consideration based on the theory of poles gives the estimate gp, ~ وہ‎ 
for the (Kx) interaction cross section. 

3. An optical analysis of elastic (Kp) scattering indicates a considerable probability 
of (Kp) interactions for a lagre collision parameter. For (Ka) interaction cross section the 
estimate Op, ~O,n [12] also follows from here. 

It should be also emphasized that *D-like" of (aN) interaction which were observed 
at Dubna and other laboratories may be also interpreted as a result of K- and z-mesor 
interaction. 

The interaction of K-meson with z-mesons must lead to an increase of the volume 
Vg. Since the experimental data available at present is still insufficient for an unambiguou: 
choice of the two parametres 4 and £, we shall suppose roughly, that V, — V, . Besides, th 
account of the resonance in (Ka) interaction is equivalent to the introduction into the statis 


tical theory a new particle — a **(Kz)-isobar" which then decays again into initial parti 
cles. 
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TABLE I 
Interacting Isobar mass Isotopic 

particles (nucleon mass M—1) spin Spin 
TT 0.6 1 1 
Kr(Kr) 0.82 [10] 3/2 Oorl 
Na 1.32 3/2 3/2 
An 1.46 [13] il 3/2 
at 1.54 1 3/2 


Apart from the resonance (Kz) interaction and the resonance interaction of pions with 
nucleons, which is usually considered, one has to take into account the resonances occur- 
ring in the interaction of pions with pions and hyperonst. In Table I are shown the para- 
metres of the corresponding ‘“‘isobars’’. It is worth while noting that in most cases the numeri- 
cal data in Table I are tentative and the data for (2) interaction are suggestive such interac- 
tion has not yet been observed although is very likely from the theoretical point of view. 


4. Production of Strange Particles in (NN) and (aN) Collisions 


Let us analyse now the numerical results to which the account of the above-mentioned 
considerations lead. As an example, we shall be concerned with the annihilation of slow 
antiprotons on protons and (ap) collisions at E=1.7 BeV. 

In Fig. l are given the values o,,/o;, calculated for different values of the parameter A. 
The experimental data available so far are still insufficient for unambiguous conclusions; 
the agreement with experimental value off/o,, = (3 + 5)% for both cases may be obtain- 
ed in the interval of the values of A= 0.1 + 0.2. 

The annihilation of slow antinucleons is the most convenient form of an interaction 
for the investigation of multiple particle production. In this case only three kinds of particles 
are produced, and there are no peripheral interactions what simplifies considerably the 
analysis of experimental data. Additional information may be obtained from the measure- 
ments of the cross sections for different channels of K-meson generation. In particular, 


one event of (K,K) pair production per approximately thousand annihilation events [13] is 


TABLE II 
Reaction products " $ " 5 
KK KREZ KK: 2n KK: 3a 
Secondary interactions 

all the interactions are taken 
into account; spin 5(Ka) = 0 6 32 : 54 7 
spin S(Kz)—1 3 21 61 | 15 
only an) 10 40 46 4 


1 The result to which the account of the resonance (77) interaction leads are given in [2]-[4]. 
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Fig.l. Solid curves show the values of o,,/0;, for (p - p); the dotted lines — the values of Ogt/ in for (r +-p). 
In calculating the curves A all the resonance interactions were taken into account; the spin of the (Kn)- 
isobar S(Kz)— 1. The curves B show the same, but the spin S(Ka)=0. In calculating the curves C the resonance 
interactions of strange particles were not taken into account (i.e., in the case of (p-- p) only the (zz) resonance 


considered, while in the case of (arp) the (aN) and (xr) resonances). 


observed, i.e. o(p + p K+ K)/o,, = (2 + 4) %, if we take into account that ہرہہوہ‎ = (3 + 5) %. 
The theoretical values of the cross sections for different channels of (pp) annihilation are 
given in Table II (in % % with respect to o,,). As is seen, the channel of (K,K) pair produc- 
tion is noticeably suppressed when the resonance K-meson interaction is taken into ac- 
count. 


In Table III are presented the theoretical ratios of the cross sections for K-meson 
production to those of A and X hyperon production. (Sgt Ska + Ox; — Ts). The experimental 
value of these ratios at E—1.7 BeV is unknown to us. However, in [7], [8] it has been shown 
that ogg/0,, is increasing rapidly with energy (from 0.5 at E=3 BeV up to 1.5at E=7 BeV). 
It should be expected that at E=1.7 BeV ogg/og, < 0.5. 


2 The calculations for higher energies are being made. 
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TABLE III 
SEronda all the interactions are 
: R into account only 
Interactions Nz 
S(Kx)=0 | ا‎ 
TKRITKA 0.17 0.15 R: 
رہ اہ‎ ms 0.12 0.32 


Thus, a more exact account of the strangeness conservation law and secondary interac- 
ions of strange particles considerably improves the agreement of the theoretical and experi- 
nental cross sections for strange particle production. (See e.g., papers [1]-[4] in which 
he theoretical characteristics of the created nucleons and pions are compared with experi- 
nent). 

We are grateful to D. I. Blokhintsev, V. I. Veksler and A. K. Mihul for discussions 


ind stimulation remarks. 
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ON THE RENORMALIZATION EFFECTS IN THE THRESHOLD BE. 
HAVIOUR OF THE PERTURBATION EXPANSION TERM OF THE 
PWO-POINT GREEN FUNCTION IN QUANTIZED FIELD THEORY 


By STANISŁAW DEMBIŃSKI“ 
Institute of Theoretical Physics, University of Wrocław, Wrocław. 
(Received March 11, 1961) 


The perturbation expansion in powers of the renormalized coupling constant, of the Lehman's 
spectral function, in the three scalar field model, is given. It is shown, that some of the branch 
points, which have to occur, in the perturbation term of the two-point Green function, due to 
Landau-Polkinghorne conditions, are excluded, if the internal lines renormalization is realized. 


1. Introduction 


The singularities of the perturbation expansion terms of the different kinds of matrix 
elements, have been investigated by a number of authors (see references). Using the method 
Kf coincident and end points singularities, first proposed by Eden (1952), Polkinghorne 
ind Screaton (1960) have obtained a set of conditions, with help of which one can immedia- 
ely reach the singular lines or curves of the Feynman’s graphs under consideration (see 
lso Eden 1960a). The equivalent set of conditions is due to Landau (1959). 

It is the aim of our paper to investigate the effect of the renormalization procedure on 
he above mentioned singularities, in the simplest case i.e. self energy-like graphs, in the 
hree scalar field model with direct coupling. For this purpose, in the beginning, we develop 
he method for representing the Lehman’s spectral function o (Lehman 1954) in a perturba- 
ion series. Some suggestions are taken here from Zimmermann (1954). Our expansion 
s much simpler than the Nakanishi's one (Nakanishi 1957) and more useful for investigating 
he effects we are interested in. As a result the contributions to o are ascribed to some kinds 
f graphs, built with A”, AF” and A*functions in a quite analogical manner to the ordinary 
'eynman's technique. It is shown, that the points of discontinuity of the o function corres- 
yond to the normal thresholds for production processes i.e. to the branch points of the 
;reen function. 

Due to the renormalization of the internal self energy parts, some kinds of graphs do 
iot give any contribution to o and this is the reason for the corresponding threshold to be 
ot the branch point of the appropriate part of the Green function. 


* On leave of absence from the Theoretical Physics Department, Nicholas Copernicus University, Toruń. 
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The vertex part renormalization do not affect the singularities in our case. 
The Green function is expressed by means of proper o-graphs only as a solution! 


of Low-like integral equation. 
In the last point we verify our results by direct exploration of the set of equations, , 
giving the position of the branch points in the presence of the self energy parts renormali- - 


zation. 


2. The spectral function ọ in perturbation expansion 


Let us have three real scalar fields g;(x). p(x). PA(*) describing physical particles with . 
masses my, Mj, my respectively. 
Following Lehman we define functions A+, AF through relations: 


«Olgi)e)|97 = iA (x — ¥) 
<A|T(e;2)9;0))|12> = 3 AP (x — ¥) 
The operators are in the Heisenberg representation and |Q> is the physical vacuum. 


As is well known each of these functions possess single integral representation of the 


form: 


AP (x) = ji AQ (x, x?) 0,(x*) d(x?) (2) 


0 


where AQ is an appropriate function of the non-interacting fields and 


12) = (27)? 91 Om 0), n><k. nlpi(0)|2> (3) 
Thus we have 
iA; (p?) = 2nO(py op?) (4) 
7ر‎ L9; o; (x?) s 
A; (p?) = سد‎ a | کت‎ d(x?) (5) 
0 


There exist the following relations between the operators and state vectors in the Heisen- 


berg and in the interaction pictures: 


pila) = Utt, to) pi) Ult, to) (6) 
DOZ = Ult, t)|> (7 


where 


JU(t, tę) - 


et 


— iH(t) U(t, ty) (8 


and 


U(t, to) =1 | (9 
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Under the assumptions that the interaction is adiabaticaly switched on and off and that 
the bound states don’t exist, the operator U(t, tj) has the property: 


U(t’, + oo) U( +00, t”) = U(t, t'") (10) 


The physical vacuum is connected with the bare particles vacuum in the relation: 


|Q* = UO, + <0|(ہہ‎ (11) 
We demand that: 
<0|U(+ oo, — oo)|(0> = 1 (12) 
i.e. 
r> = |< (13) 


so our second assumption is the physical vacuum stability. 


With the help of (6), (10), (11) one can write: 
ia; (x — y) = <Q" |p;(x) p(y) |Q* > 
= <0|T({l)S)T(p4)S-) 0> (14) 
where T and T are the symbols of chronological and antichronological products respectively. 
In the expansion of S and 5^! in the perturbation series, the term of the L-th order 
in the coupling constant has the form: 


EY ۲0 7 7 0 7 ()s-19?)/0-- (15) 
L=L'+L" 


Evaluating the expression 
«o[T(gI() | dey... dzy, He)... He, )T(O) | dzą... dzy„H(2)).... H(zy))|0> 


with the help of Wick’s theorem for vacuum matrix elements one obtains the sum of ele- 
ments and each one can be represented graphically as follows: 


The two groups of points PY = fx, z,, .., Zp} and P = fy, z4,...zy) are connected with 
ines to which the i4 (x — x) functions are ascribed. To the internal lines in the first 
ind in the second group of points, there correspond the 1 A¥ (x? — x) and + AP'(a(9 — 40») 
unctions respectively. (a? denotes the point belonging to the P® group). The At lines 
ve shall denote by the dotted lines and those “carrying” the AF and AF * functions by solid 
ines. For convenience we adopt also the rule that the P® group will be pictured on the 
ight. 
Let the graph (L’, L”) has n* dotted lines, n” solid lines in the left and nF solid lines 
n the right group. The integers L’, L”, n+, n, nF, are obviously not independent and we 
lave: 


ba Oe pmime | 24021; MS MAL (16) 
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ZE ہے ہے‎ caen ہے‎ 12 ROTE 13 
n ERE tą ) ( ) 
żę KA NC Stes 

SĘ: NERZY: AET EF 18 
nF 702+ 5 7 L") (18)) 


where k is an integer number. Besides the point, (16) is a too weak restriction on n*, as itt 
doesn't guarantee the integer character of nF and nf. 

After carrying out the integration in the configurational space we shall have graphs: 
with one external momentum and Fourier transforms on each lines i.e. O(q9)6(q?—m?), , 
—i(g? — m?— ie) t and i(g?—m? iê) 1. 

The (L', L’, n*) diagram will be multiplied on the factor: 


(i) (ye 


JĄ ! EE ! Ord ZZA 


As usually, in the vertices the total momentum will be conserved and the integration 
will be over the momenta belonging to the independent closed loops in the diagram. 

An expansion for o follows immediately from (4). 

In constructing the graphs one has to omit these with disconnected vacuum loops in 
accordance with (12). If in a diagram appears a vertex with three external dotted lines, 
the contribution from such a graph equals zero. This is due to the © functions in the Fourier 
transform of At which make the momentum conservation impossible. Now it is clear that 


graphs with n*=0 and graphs with n*=0 give no contribution to o. 


3. Renormalization 


To get the convergent integrals and the expansion in the renormalized coupling con- 


stant, the usual terms, form every self energy part and vertex part, ought to be substracted. 
As a consequence we have the following Lemma: 


When an arbitrary graph has the constituent part as in Fig. la,-d the contribution to 
tbe spectral function from this graph is equal to zero 


Fig. 1. 


The Lemma follows immediately because the momentum of the dotted line is put or 
the mass shell where the self energy part has zero of the second order. 
Due to this Lemma all connected graphs with n*—1 have not to be taken into account 


. 5) 4 e 
In Fig. 2 the only graphs, to the fourth order are shown. The corresponding Feynman’: 
piagrams are given in the right column. 
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Fig. 2. 


In the case, when L’AL” every graph has his complex conjugate counterpart. 

Now we have the following theorem: 

To an arbitrary graph G, which gives the contribution to the Green function, corre- 
sponds a set of graphs, giving its spectral function, obtained through the p partition of 
the graph G. 

The *pO-th" partition of the diagram G is defined as a partition along a single line, 
intersecting only internal line of the diagram across which flows the total external 4-momen- 
tum. (see Eden 1960a). The dividing line intersects 7 internal lines and the corresponding 
4-momenta have to be put on its mass shell with positive energy. i 

In connection with the previous Lemma, not all p® partitions give the contributions 


different from zero. 
Let us denote the momenta of the intersected lines as ky, ..., kj. One has. 


2 
p= 
UEST 
and 
2 
p > (2) "٣٣۴ (19) 
j=l 


where m, is the mass of the k; line. 


It follows, that at some thresholds the spectral function has the points of discontinuity. 
These points correspond to the branch points of the Green function. 
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For example，the contribution from the diagram 3a, has the branch point at p?—9m?,, 


while the contribution from 3b, has two branch points: at p?=4m? and p?=9m?. (for the» 
sake of simplicity, we have put here all masses equal to m) 


In the Appendix we express the full Green function with the aid of the proper diagrams 
occuring in the o expansion. 


4. The Landau-Polkinghorne conditions in the presence of renormalization 
Let us have the proper self energy diagram with n internal lines and let the external 
momentum be denoted by p. 


The function R(a,, ..., (ہہ‎ is the “total resistance of the network” under consideration, 
while the j-th internal line has the resistance equal to «;. 


We find the position of singularities by solving the following set of equations: 


V 
o 


2%=1; © 
i=l 
where 


(20) 


F(ay, ..., &,) = R(a,, ..., «p? — >} mia, (21) 
i=1 

It has been pointed out by Okuń and Rudik (1960) that these equations have solutions 

if the number of vertices in the reduced graph equals 29). 


Let us have in our diagram an element possesing [+2 lines, l > 2. (Fig. 4) 


= (k*) 


/ / 
ZAJ 


Fig. 4. 


The reduced diagram is derived from the original one by putting some «,=0. It is equivalent to the 
contraction of corresponding line to the point. 
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The function R can be written 
Bis CE MO sees orca 1) (22) 
where 


T = Oy 1 a4 0, pd OA p47 +++) ©) (23) 
2(k?) has the form 


^ = r : 
E desi on dad | DI a; jr i = EE (24) 


J=n-l+1 


and after the renormalization 


D (7) 6 [denis = da, ( 22 a; 一 1) x 


J=n-l+1 
à : 22 2 
xps Ties : w?(k? — mi) x = 
(comi = M mPa; + w(k? — mj) xy) 3 iis (25) 
0 5 j=n—l+1 


Formula (25) holds also for /=2. 
Substituting our graph to the full diagram and carrying out the integration over the 
remaining momenta we obtain 


1 1 1 1 vores 1 
c" | dx | dy | doy... da, 1-2 f ded( ŻY %+e—1) [dm i dnx 
0 0 0 0 ¿=l 0 
n 7 +1 
WXE 
x a DZE 7 = (26) 
i=n-l+1 {FRY 3 
where 
n—1—2 n 
BR E 3% G39, 0 )p? DB am; + elom — xy - >， 7100) (27) 
i=1 i=n—I4+1 
ind 
T = DENY (28 
Ve shall redefine the parameters « — as follows 


ar = 414: Snir Sa 


(a) ۱ (e) 
M; = m;, l = Je 5000 res: /一 25 nYa چا‎ M141 = m.p m (29) 


(7) T 1 
ول‎ Me, ٥7 
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The functions F and FR read now 


xt AR کے‎ O 
F = R(04, ..., &, 1-2: PP” = 5i aum; "et smt — is (30) | 
t=1 
r = & + &+ (9g, ..., YI) (31) | 
n—1—2 
یہ جم ہے‎ n =1 (32) 
and 
; ا‎ Oe G as 
== Rus ves ٣ )p? 一 2 a; m? 一 e(m?(xy — 1) + 2 ym?) (33) 
i=1 i=1 
r = EO(Y45 7 (34) 
n—l1—2 
My-b5 >) %te= (35) 
=1 t=] 
Denoting 
OR . 9R 
a = fila, e» 01 一 [一 2， 了 r): e = F(a, +42 (a4—1—35 r) (36) 


we obtain the following set of equations, A and 4’, giving the singularities in the renormalized 


and unrenormalized case respectively 


2 
2 (a), 
F(a, sy Gaj 19; |= Mm RU or @,=0; i=l,..n=l— 
1 (e), m 
EG, sa, E qe M) som esu of &=0; i=l,2 
dw ( 
F(a, و رت‎ T. dy —m?=0 or Vi = 0; i= ile l 
1 
n—1—2 
X at e+ sea + 27; = 1 (37) 
i=1 i=1 
and 
A’. 


(a) 
و رر‎ za oe —m=0 or "uw;-0; O 


(e) PR 
Faq, +++) 0, 4-3; r )oxyp? — m*(xy — l)o — >) yj; 20 
i=1 


or 6 = 0 


; Ow (8) (y) 
Elei Sap Oa ۹۹٦٦ 2 «(m (ey —1) z + mt) =. () 


or ¥; =O; em do usd 
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(e) 
Faq, +++) ےا‎ ')ewyp? 一 ewmży = 0 
orrw=0:, as. 


(e) 
F(1» ..., &, 41.9, )ewxp? — eom?x = 0 
or =0;:.y=l 


n—1—2 


l 
ا یھ اہ ات‎ )38( 


Let us look for the solutions of system A’. 
It is easy to verify, that the solutions would exist only when x=y=1 or e=0. In all 
other cases, independently of the conditions on w and y, one obtains the set of equations 


OO (s) (62) » : 
gy" — mł = 0 ; rel 


which cannot be fulfilled without the special assumptions on the masses. 
Therefore we are interested only in the solutions of the following two sets 


g (9$ 3 
fits ۷ٌ WE) p^ — m; =0 or @ =0;3; i-l,..,n—l1—2 


1 o) 
F (04, 7ء اید‎ we)wp? — P mży; 一 0 
am 


ES Dom 05 yes; L=l,..,,£‏ )210.08 کو ا 


l n—l—2 

My-l: a; + e =1 (39) 

3ت 1 

and 
(2), ۰ 
perpe m. 0 E CaO fa... e 

n—[—2 
X a, =1 (40) 
i-i 


Owing to the fact, that w is homogeneous function of order 1, the set (39) reduced to 


(a) :‏ 
Ż‏ کے لا ک لہج ولا ک0 0 ک وھ لق 0== ODS = m;‏ اھ .> ,| 


(729 a 
7 ۶ ۷۲۷٣9 0 (Dis 2-5 fn) $8 2 E O Or CB 9 ٥۹ 


n-i-2 
Sat 34 —]; p 
i-i 
'The singularities thus obtained are obviously the same as in the A case when ej —694—0 


and not all y;—0. 
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The second set (40) is identical with the set 4 when 81 一 2 一 0 and 74 =72=73= 


——. y,79. 

In the terminology of the previous sections, the branch points, obtained in those two 
ways, correspond to the partitions of the orginal diagram as in Fig..5 a, 8. 

The set A’ would have not in general the solutions, which are equal to the solutions 


of A when 6,40, &=71=VYo=---¥)=0, (60, € 19 Ya 7 570) i.e. 


a D. c 
Fig. 5 
(aja > 
f(& moa EDP? —mij-0 or a0; i-—l..n— /一 2 
(e) n—1—2 
9 i 
ا‎ c ERI &)p? — m? = 0; > a; + e, = 1 
=L 


The partition of Fig. 5c, doesn’t give any contribution to the spectral function due 
I 5 3 1 


to the procedure of renormalization. 
I should like to express my sincere thanks to Professor J. Rzewuski for many 


suggestions and stimulating discussions. 


APPENDIX 


Among the diagrams giving the perturbation expansion of the spectral function, there 
are proper and non-proper diagrams as well. Let F7 (p?) denote the sum of all proper diagrams 
except the first free term. The function FF (p?) is obviously real one. 


The sum of the perturbation series is: 


0;( p?) = ó(p? — m?) + 4 (p? — mè) AF (p)? F7 (p?) (1) 


and from (5) we have the following integral equation for A; (p?) 


oo 
DE > z 212] t(,,2 2 PI 
Per 2i i | A Ge?) [RFF (ve?) (2c? — m$)? ٦ , 
A; (p?) p? — m? — ie ayj p? — x? — ie d(x?) (2) 


0 


It is evident that 


Re A? (p?) = 2xô( p? — m?) + 5 |47 (pP) PFHp?) (p? — nb? (Y) 


| 
| 
| 


Treiman 1959). 

We define the auxiliary function 

27 l 
p? mê ie Af (x) 


h;(x) = 


hm; ) = 
The following dispersion relation can be written 
P h;(y) TE h;(m?) 7 CR 


ni (y — m$) (y — x) ^ m?—x  x— m 
一 oo 


and we have 


co 


h;(x) = 1 + (x — mf) die E 3 — ie) 


But from (4') it follows 


2 Re AF (x) 
m; |AF'(x)|? 


ImA(x) =— > 


and from (8^), (3') we have 


Imh(x) = i (a) (x— m$)? 


As a result we get the formula 


fo eee 
x — mą — le E 
ieee Em FI) 

(y 


ES 
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m i po that 4F (p?) is analytic in the upper half complex plane and at infinity behaves 
jlike |p>|-1 


The solution of the equation (2’) may now be carried out on the known way (Goldberger, 


(4) 


(5) 


(7) 


(8) 


(9) 


(10) 
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In my previous paper (1961) I have shown the error made by Vonsovski and 
Seidov (1954). T. A. Kaplan (1958) supposes that the error, which leads the above 
mentioned authors to the linear dispersion law E~K, reduces to the incorrect assumption 
of equal spin-wave amplitudes for the tetrahedral (4) sites and another equal amplitudes 
for the octahedral (B) sites in the Hamiltonian. 

T. A. Kaplan supposes that the linear dispersion law follows also from his formalism, 
if one differentiates the Hamiltonian after assumption of equal spin-wave amplitudes on 
the A sites and another equal amplitudes on the B sites and if the spin quantum numbers 
for all sites are equal. However according to Kaplan assumption of equal spin-wave ampli- 
tudes in the equations of motion should lead to quadratic dispersion law. 

Nevertheless in the last case, as well as in the formula (K. 53) of Kaplan’s paper, it can 
be shown that a linear dispersion law for S4=2S7+1 (ferrimagnetic case) is obtained. 

I will show below that, after suitable corrections, the mentioned assumption of equal 
amplitudes either in the Hamiltonian or in the equations of motion leads in ferrimagnetic 
case to the same quadratic dispersion law and in antiferromagnetic (S^ —25P) case to the 
same linear dispersion law. 

Instead of equation (K. 3) of Kaplan’s paper we put (notation as in Kaplan’s 


paper) 


CS OL ا‎ 
254 


A A 
Spits $^ + 


n 


~ (1) 
= 258 


We assume at first equal amplitudes in the Hamiltonian. In this case one has to remark 
that in the Fourier transformations the normalizing factors are other than those in the paper 
of Kaplan (formula K. 11). 

(675) 
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The transformations which lead to the reciprocal lattice should be 


"DA d 
2 Y een ran) PA(K) 


SA»[72(n)] = ON 
SW: 

SA eA => 

SAxję (n)] = Vx Y eK "740 QA(K) 
K 


SB PE > 
SBy[;5 (n)] اي سے‎ Vx 2 —iK . r (m) PB(K) 
SB > +B = 
SPx; (n)] = V AY eR Bom ond. (2) 
K 


If further transformations are made according to those of Kaplan, we obtain instead 


of the Hamiltonian (K. 24) the following Hamiltonian 


E E [(PA+)?-- (P4)? + (Q4)? + (QA-)2] + 


K 
qul [(PB+)2 + (PB-) + (QB* E uu (Q77PI SE 
2 x j 
+ _》 |pA-pB- _ pa* pB+ _ QA- QB- + (A+ 08+] M sd). (3) 
af 


LYL 


90 y2 


where 


A-—JZ,S9, B-—JZgS4, y—JVS^488. 


The equations of motion will be 


Q4*— APA+— yPB+, — Ph+ 一 一 .404+ 一 XOB+， 
Q4-=AP4-+4PB-, | p4- — — AQA4- -قورر۔‎ 

QP*— BpB* _ „pA+,  pR*.... BOB+ _ yo4*, 

Qh- — BP?- ۱ 4P^-, P= BO? 4 047, (4) 


= sa re 
The equation of the second order, e.g., for Q has the form 
Q^* 3 (AP a QUEE VOTES ae 


QP* + (B3 — 73) QB x پر‎ (4— B) 04+ —0 


where 
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We obtain the normal modes from the equation 
A? — پر‎ — w?, E x (4— B) 
T x(4A— B), B? —4* — w? 


Al 0 A+o, +x 


FX —B—-w |Fyy-B+o 


The exact solutions are: 
w, = ‡ [4 — B+) (A + B? — Ay?] 
wa =4[B — A +V (4+ B)? — [قرد‎ (5) 


Identical formulas follow from the equations for P. 

Let us now suppose equal spin-wave amplitudes on the 4 sites and another equal 
amplitudes on the B sites in the Kaplan equations of motion (K. 37). 

We obtain the following equations of motion 


QA+ = ر‎ V2 yP8*, pA+ —_ AQ4+ — /2 08+, 


E O a E OT Co 
. l - l 
OB — BPB+ — — Pd | pBt - BOB! — — „(4+, 
y2 y2 
. 1 1 
i HI je on A poor B= Lx ob 
2000 00 .ےت‎ (6) 


From equations (6), we obtain the formulas for the spin-wave energy identical with 


formulas (5). 


When we take into account long spin-waves only (small values of K), we get 


w, = 6Ja + 3$ JS4SPo (aK)? 


Ww, = $$ JS4SEo-1(aK)?, (7) 
where 
6 = 258 ced. 
For $4 = SP: 
w = 6JS + $8 JS(aK )* (8) 


(05 = 
For $4—25SP (antiferromagnetic case) 
0; = 0$ = 4/38 JS? -aK (9) 


One can see that the results (8) with coefficients (8b), (8c), and the results (9) of my 
paper (1961) expressed in h units and confined to A-B interaction, are identical with the 


above results (7), (8) and (9) respectively. 
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If we replace approximation (1) by approximation (K. 3) from Kaplan's paper, we obtain i 
a linear dispersion law for S4 —28P +1. 
Assuming equal amplitudes in Kaplan's Hamiltonian (K.24), we should obtain a Hamil- - 


; A ; 
tonian similar to Hamiltonian (3). However instead of 5 there would be A, instead of 


B 一 一 
P and instead of zy aa Se 


When we replace A, B, y in formula (5) by 24, AB, 2/2y respectively. we get 
w, = A —2B+V(4+ 2B)? — تبرق‎ 
w = 2B — A+) (A + 2B)? — 87? 


If we confine ourselves to small values of K and suppose that the spin quantum numbers 
for all sites are equal, we get a linear dispersion law: 


0, = 0, —1/33JS- aK 


Thus it seems that the error of T. A. Kaplan follows from the incorrect supposition of 
equal spin-wave amplitudes on the 4 sites and on the B sites in formula (K.24). 

I should like to thank Professor S. Szczeniowski for helpful discussions and for reading 
the manuscript. 
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Experimental method and results of measurements of density of liquid ammonia and its 
saturated vapour as a function of temperature is described. 


I. Introduction 


In 1933 a new method of determination of liquid density at higher pressures was given 
by Bennewitz and Windisch [1]. The measurement was carried out in the following way: 
in a thermostatic vessel a vertical thick wall glass tube was placed and was surrounded by 
an electromagnetic coil. The lower part of the tube remained outside the coil. The tube was 
filled with the investigated liquid and closed at the top. Inside was placed a swimmer, made 
of glass and containing a small piece of a magnetized steel. The mean density of the swimmer 
was slightly higher than the density of the investigated liquid and therefore the swimmer 
remained at the bottom of the tube, below the coil. By letting a current through the coil 
the magnetic field started to attract the swimmer, thus decreasing the effective action of the 
gravity. At a characteristic current intensity the swimmer jumped up from its position in 
the bottom of the tube. 

It has been proved in the paper [1] that there exists a linear dependence between the 
square of the characteristic current intensity mentioned above and the density of the investiga- 
ted liquid. It is of course evident that the lower the density of the liquid the higher is the 
characteristic current. 

In order to determine the liquid density which is unknown this linear dependence must 
be measured by the application of several gauge liquids. 

In the paper [1] a method of measurement of the saturated vapour density was also 
given. Measurement was carried out in the same glass tube which was filled to a certain level 
by the investigated liquid. By weighing the full and empty tube the mass of the substance 
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was determined. Subtracting from this value the mass of liquid the mass of the vapour: 
could be obtained. The volume of the saturated vapour was measured separately. 

'The present paper presents an application of the described method to density measures | 
ments of a liquid and of its saturated vapour. Due to the fact that a knowledge of the density 
was necessary for an interpretation of the results obtained in a systematic study of scattering ， 
of neutrons by liquids and gases it was decided that density measurements should be under: | 
taken of substances for which the accuracy of known results was not sufficient, and which | 
were important from the point of view of neutron measurements (e.g. CH;SH [2]). 

In order to be sure that the experimental method was correct, measurements with liquid 
ammonia and its saturated vapour were carried out, and the results compared with well 
known tabulated data. 

In these measurements it was decided to introduce some changes in comparison with 
the original method. These changes will be discussed in further chapters of the present paper. 
At this point, however, it is useful to notice an important modification in the procedure of 
the saturated vapour density determination. 

The density of a saturated vapour is determined in the paper [1] from the formula: 


adea 
d= (1) 


where: m = m, + m, denotes the total mass of the substance in the tube equal to the sum 
of masses of liquid and vapour, q is the cross-section of the tube, d; — the density of the 
liquid phase of the substance, h, — the height of this phase in the tube, vg — the volume of 
the swimmer and v— the volume of the tube i.e. the total volume of the investigated 
substance. 

An application of this formula is correct only with the assumption that the liquid in the 
tube has the shape of a cylinder of a height 4, and of a cross-section q. It is necessary, however, 
to take into account the spheroidal shape of the lower part of the tube as well as the shape 
of the meniscus of the free surface of the liquid. For this reason another formula was applied 
in the present work. Le. 

A m — dz: 0, 
v — v 
where v, denotes the volume of the liquid phase in the tube. 

It should not be forgotten however, that a measurement of the liquid height cannot 
be avoided. It is then necessary to make some gauge i.e. to determine the dependence of the 
volume on the height. This dependence was determined by filling the tube with mercury, 
weighing it, and measuring its height in the tube. 

In order to avoid the possibility of an additional error, it was decided to measure the 


saturated vapour density without the swimmer inside i.e. after a new filling. For this reason tq 
does not appear in formula (2). 
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Fig. 1. Apparatus for density measurements (Explanation in text) 
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II. Apparatus 


The experimental arrangement for density measurements is shown in Fig. 1. Its main 
part was a brass vessel (4), which contained a coil (S) and the experimental tube (R,). The 
vessel was conneceted to a Hóppler ultrathermostate in such a way that the thermostatic 
liquid filled it and circulated in it. An asbestos shield (B) was applied as a protection against 
heat losses, which might cause some temperature gradients between the lower and upper 
part of the vessel. There were three glass windows in the vessel. The two lower windows 
(W, and W3) were used for observation of the lower part of the experimental tube with the 
swimmer (P) (The moment of jumping up of the swimmer by the magnetic field was observed). 
This observation took place by means of a telescope through the front window (7/4). Behind 
the back window (W) a light source was placed. The upper window (F3) was used for 
observation of the thermometer and also for measurements of the height of the liquid in 
the tube (R5) which were made by means of a cathetometer in the determination of saturated 
vapour density. In these measurements the experimental tube was placed in a different 
position (R5) from that in measurements with a liquid (in a special stand just behinde the 
upper window W3). 

The electromagnetic coil (S) was made from a copper wire (diameter 0.5 mm), There 
were 1190 windings (14 layers, 85 windings in each) in it. Total resistance was 64Q, induc- 
tance — 63 mH, the length of the coil was 57 mm, internal diameter 15 mm and 
external diameter —36 mm. The current was supplied by two wires (/, and /5) through the 
brass lid of the experimental vessel by using two vacuum proved leaks (C, and Ca). The 
elctric circuit of the coil is shown in Fig. 2. The current intesity at which the swimmer 
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Fig. 2. Electric circuit of the coil 


jumped up was measured in an amperometer (class 0.5). The regulation of current was made 
by means of an accurate variable resistance (R) (This variable resistance can also be seen 
on the left of Fig. 3a). As a current source a storage battery (U) was used. 

The experimental tube in which the measurements were carried out was made from 
„Rasotherm” glass. Its internal diameter was 3.87 mm and wall thickness ca 3 nim. 


b) Enlarged picture 


3. a) Photograph 


of the swimmer 


c) Inner part of the 
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An enlarged picture of the swimmer with a platinum wire to which a piece of steel wire 
was fastened is shown in Fig. 3b. The real length of the swimmer was about 5 mm and 
its diameter 2 mm. It should be noticed that the construction of a swimmer is difficult, 
requires great precision, and the undertaking of many tests. Especially important is the 
mean density of the swimmer which must be only sligtly higher than the measured density. 
Also very important (as was experimentally proved) is the purity of both the swimmer 
surface and the surface of the walls of the tube. 

As was mentioned above measurements of the height of the liquid were made by means 
of a cathetometer. This gave the possibility of height determination with an accuracy of 
0.05 mm. 

The thermometer for temperature measurements inside the vessel possessed a scale 
in 0.1°C. It was made by the firm Dr H. Geissler Nachf. Franz Miiller, Bonn. Its correctness 
was tested before use. 

As a thermostatic liquid distilled water was used. This was very simple in practice, but 
it gave a significant difficulty by the existence of a not negligible conductivity. This con- 
ductivity could cause an uncontrolled loss of a part of the current in electrolysis. A careful 
painting of all electric connections made possible the work with distilled water in spite of 
these objections, but only in temperatures not much higher than room temperature. 


III. Measurements and results in connection with liquid ammonia 


Before starting measurements of the density of liquid ammonia it was necessary to 
determine the gauge curve ie. to determine a relation between the density of the liquid 
in the tube and the square of intensity at which the swimmer jumps up. As gauge liquids 
methyl alcohol, ether, hexan, solutions of methyl alcohol in ether and hexan, and solutions 
of ether in hexan, were used. The densities of these liquids were measured by applying the 
picnometric method. The results of these measurements are shown in Table I. 

In columns 3 and 4 are averaged values of current intensity and mean values of the 
square of this intensity. These squared values were obtained from 3 to 5 runs of measurements 
each. It must here be added that in each run of measurements the current intensity was - 
measured ten times. 


sag 


TABLE I 

Liquid density [g/cm?] iş average [A] ， iz average 
methyl alcohol, 0.7930 0.2409 0.0581 
10 ml of ether--40 ml of meth. alcoh. 0.7819 0.2702 0.0730 
25 ml of ether--25 ml of meth. alcoh. 0.7639 0.3078 0.0945 
70 ml of methyl alcoh.--30 ml of hexan 0.7607 0.3148 0.0991 
10 ml of methyl alcoh.4-40 ml of ether 0.7396 0.3513 0.1234 
ether 0.7195 0.3848 0.1482 
25 ml of ether--25 ml of hexan 0.7091 0.4027 0.1619 
hexan 0.6998 0.4139 0.1713 
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The gauge curve (straight line) is shown in Fig. 4. It was drawn on the basis of experi- 
mental points by applying the least square method. 
The next stage of the work was to fill the tube with liquid ammonia. A synthetic ammonia 
was used, produced by the factory **Azoty" in Kedzierzyn and obtained under pressure in 
a steel vessel. This ammonia could still contain small quantities (less than one per cent) of 
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Fig. 4. The gauge straight line. Points correspond to the various liquids. Dotted lines correspond to the measure- 
ments with the liquid ammonia. 


impurities, e.g. dissolved gases such as nitrogen, methan, argon and water vapour. Ammonia 
was distilled to a glass vessel through a drying layer of CaO + KOH, and was then distilled once 
more (in vacuum) to the experimental tube. As a cooling material for condensation solid 
CO, was used. The experimental tube was finally melted off the vacuum apparatus. 
The tube was then placed in the experimental arrangement. Measurements of the 
current intensity were made at several temperatures regualated by the thermostat. The 


results are shown in Table II. 


TABLE II 
2 density of NH, determined 
Temperature ig average [A] i, average ET 
20210; 0.5296 0.2805 0.6108 
253 0.5383 0.2897 0.6032 
3016 0.5458 0.2979 0.5965 
252 0.5541 0.3070 0.5892 
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It should be again noticed that manifold readings of the amperemeter were made and after 
each the swimmer was brought back to the bottom of the experimental tube. 

The densities of liquid ammonia were determined on the basis of the gauge curve. 
These densities at various temperatures are presented in Table II (column 4). 

The application of the least squares method to the determination of the gauge straight 
line permits the use of the formula for an average error of density. This error is +7.10~ g/cm. 


IV. Measurements and results in connection with the saturated vapour density 
of ammonia 


In order to choose the optimal parameters of the experimental tube, the height of the 
liquid in the tube, and of the swimmer, an analysis of errors which occur by applying the 
formula (1) was made. It was proved that an error in the evaluation of the volume of the 
swimmer and an assumption of the cylindrical shape of the tube significantly influence the 
error of the vapour density. For this reason the formula (2) was applied instead of the for- 
mula (1) (of Bennewitz and Windisch). The size of the experimental tube which was formely 
applied for liquid density determination did not deviate much from the optimal. The liquid 
height is of importance as it follows from the error analysis and it should be much lower 
than the vapour heigt. It was decided to carry out measurements with the liquid height 
equal to ca 0.1 of the length of the experimental tube. 

Due to the fact that in formula (2) there appears the liquid volume, although in practice 
one measures the liquid height by applying a cathetometer, it was necessary to have a depend- 
ence between these two parameters. This was obtained by filling the tube with mercury 
to various heights and by weighing it. By means of a cathetometer the lowest point of the 
external surface of the tube (4) and the position of the highest and lowest points of the 
mercury meniscus (D and C) were determined. (Fig. 5). The reason why the point 4 and not B 
was choosen was the refraction of light in the spheroidal part of the bottom of the tube. 
This refraction caused a systematic error in the determination of the position B which was 
dependent on the refractive index of the investigated liquid. As the liquid height the dis- 


Fig. 5. A schematic view of a tube filled Fig. 6. A schematic view of a tube filled 


with mercury. (Explanation in text) with ammonia (Explanation in text) - 
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tance AC was taken and as the liquid volume the corresponding volume of mercury minus 
the meniscus volume. The meniscus volume of the mercury at a given radius and at a given 
Meniscus height was calculated on the basis of an extrapolation of data given in the papers 
[3] and [4]. 

In order to measure the density of the saturated vapour of ammonia the experimental 
tube was again filled with ammonia and then placed in a position just behind the upper win- 
dow in the experimental vessel. By means of a cathetometer the measurement of the liquid 
height from the point 4 to the points D and C was made (Fig. 6.). The volume of liquid 
ammonia to the level D could be calculated on the basis of the volume vs. height dependence. 
To this value the meniscus volume must be added. It was calculated assuming the elipsoidal 
shape of the meniscus with semiaxes equal to the internal radius of the tube and to the 
distance CD. 

The next parameter which appears in formula (2) and must be determined experimen- 
tally is the total volume of the experimental tube. This was measured after cutting the experi- 
mental tube, emptying it of ammonia, filling both pieces of the tube with mercury, weighing 
this mercury, and subtracting from the obtained volume the volume of both meniscus. 
It was of course necessary to measure the heights of these meniscus by means of a catheto- 
meter. 

The last parameter which had to be determined was the mass of the substance in the 
experimental tube (liquid plus saturated vapour). The measurement was made by weighing 
the experimental tube filled with the substance and by weighing the two pieces of the empty 
tube. The fact should be taken into account that in this second case the two pieces were 
filled with air, which mass must be substracted properly. This procedure is equivalent to 
taking into consideration the Archimedes correction. Another correction which had to be 
made was the correction for the loss of glass fragments by cutting. A systematic appearance 
of this loss was proved by many tests of cutting a tube identical to the experimental one and 
weighing it before and after cutting. An average loss for glass fragments was 0.0011 g. This 
value was taken as a correction. 

Four experimental runs with four different fillings with ammonia were made. In each 
run measurements were made for the same temperatures (20°, 25°, 30°, 35° C) asin the case 
of liquid. From the obtained values for a given temperature an average value was calculated. 
The experimental error was evaluated as an average error of a mean value. The results are 


presented in Table III. 


TABLE III 
average values of density of 
iE saturated vapour of NH, [g/cm?] 
202 0.0071--0.0001 
25 G 0.0079+ 0.0001 
304G 0.0090-+0.0001 
Bo aC 0.0104 士 0.0002 
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V. Discussion 


The densities obtained for liquid ammonia are in good agreement with the results 
published by Holst [5] and. Drewes [8] also with the other tabulated data. A comparison 
of all these data is shown in Table IV and in Fig. 7. 


TABLE IV 
Temperature d; this paper | d; (Holst [5]) | dt (Drewes [8]) 
| 
人 | 0.6103 
20° C 0.610(8) | 0.6101 | 2 
2520 0.603(2) | 0.6031 0.6029 
30°C | 0.596(5) | 0.5960 | 0.5952 
9 837 0.589(2) | 0.5879 | 0.5866 
d, Yer? 
0.61 
ô 
$ 
0.60 ^ 
A 
0.59 8 
6 


Fig. 7. A comparison of results of different authors for liquid ammonia 
e — these results, A — Lange [10], v — Andreeff [11], ® — Holst [5], © — Drewes [12], [J — Dieterici [6] 


The results obtained for the saturated vapour of ammonia are also in good agreement 
with those previously published (Table V, Fig. 8) 

It should be mentioned here that ammonia is an example of a relatively well investigated 
substance for which density values tor both liquid and saturated vapour cannot be questioned. 


Therefore the results obtained should be treated rather as a proof of the correctness of the 
applied experimental method. 
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TABLE V 
g : 
Temperature d? (this paper) gr (Holst [5]) di (Dieterici [6]) 
| l 
a 5 0.0071 0.00662 0.00675 
ya G 0.0079 0.00779 0.00798 
+4 E 0.0090 0.00895 0.00921 
394G 0.0104 0.01044 0.01094 
d? Hr 
0.012 
o 
0.011 
e 
0.010 | 5 
口 
0.009 8 
o 
0.008 | ^ 
© 
o 
0.007 | ° 
g 
0.006 
due pos 30* H e 


Fig. 8. A comparison of results of different authors for gaseous ammonia. 


© — these results, © — Holst [5], © — Drewes [12], (*] — Dieterici [6] 


It is also important that these results could be treated in the particular case of the 


neutron experiments mentioned above [10] as a proof of the purity of the investigated 


ammonia. 
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Experimental method and results of measurements of density of liquid CH,SH and its satura- 
ted vapour as a function of temperature is described 


I. Introduction 


In the previous work [1] an application of the modified method of Bennewitz and 
Windisch [2] of the determination of density of liquid ammonia and its saturated vapour 
is a function of temperature was described. In this paper special attention has been paid 
o the fact that a good agreement of results obtained with tabulated data for liquid and 
aseous ammonia may be considered as a proof of adequacy of this method. 

The present paper gives results of density determination for liquid methyl mercaptan 
nd its saturated vapour as a function of temperature obtained by the same method. 

There was a special reason for performing these measurements and it was necessity to 
now the methyl mercaptan density for the interpretation of results obtained in measurements 
f the scattering of neutrons by liquid and gaseous CH,SH. [3]. 

Unlike the case of ammonia the physicochemical parameters of methyl mercaptan are 
nly to a small extent known. As far as its density vs. temperature dependence is concerned 
here exists only one publication [4], [5]. Taking into account the possibility of a systematic 
rror (which could be caused for instance by a different method of preparation, and 
herefore by different degrees of purity) it was decided to perform density determination 
y the method described in the paper [1]. 

Measurements were made in the same arrangement and in a quite similar manner as 
hat described in paper [1] for ammonia. For this reason a description of the apparatus and 
iethod has been omited in the present paper. 
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II. Measurements and Results Concerning the Density of Liquid Methyl Mercaptan i 


In view of the neutron experiments which were mentioned in the previous chapter i 
was decided to perform measurements in a much wider temperature interval than in tha 
case of ammonia. The chosen temperature interval was 20-80°C. Only measurements a: 
lower temperatures could have been performed with distilled water as a thermostatic liquid: 
In temperatures higher than 50° vaseline oil was applied. This complication was caused by 
a valuable effect of conductivity of water at higher temperatures. The application of vaselina 
oil was explained by its relatively low viscosity which causes a sufficiently fast circulation: 
and makes improbable an appearance of temperature gradients in the measuring vessel. 

It was necessary to construct a different swimmer from that in the case of ammonia: 
This fact necessitated the determination of a new gauge curve i. e., a new dependence be: 
tween the density and squared current intensity which was suffcient to rake out the swimmer 
As gauge liquids, water, water solution of phosphoric acid, water solutions of ethyl alcohol. 
ethyl alcohol, methyl alcohol and solutions of ethyl ether in methyl alcohol were applied. 
The density of these liquids was determined by the pienometrie method. The numerica 
results and gauge curve are shown in Table I and in Fig. 1. 


TABLE I 
| 

Liquid density [g/em*] | i, (average) [A] i (average) 
595 Phosphoric acid 1.0458 0.1845 0.03404. 
3.595 Phosphoric acid 1.0332 0.1977 0.03909 
2% Phosphoric acid 1.0186 | 0.2128 0.04528 
Water 0.9982 0.2307 0.05322 
96% ethyl alcohol 0.8062 0.3629 0.13170 
Methyl alcohol 0.7932 0.3701 0.13697 
Solution: 
15% of ether 十 85% of methyl alcohol 0.7875 0.3719 0.13831 
Solution: 
40% of ether + 60% of methyl alcohol 0.7729 0.3808 0.14501 
Ethyl ether 0.7234 0.4061 0.16492 


Values of the current intensity which rakes out the swimmer are shown in column 3 ) 
Table I. These are average values taken from some scores of measurements. In Table | 
a run of ten subsequent readings of this current is shown as an example. (It should be mer 
tioned that before each reading the swimmer was brought back to the bottom of the exper 
mental tube). 

After determination of the gauge straight line it was possible to perform density measur 
ments of the liquid CH,SH. 

Methyl mercaptan was produced by applying the method given by Arndt [6]. The ol 
tained CH;SH was then twice distilled in vacuum and then, again in vacuum, distilled | 
the experimental tube. As a cooling substance solid CO, was applied. 
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ig. 1. The gauge straight line. The points correspond to the various liquids. The dotted lines correspond to the 
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measurements with the liquid mercaptan. 


TABLE II 
ie for water ig for ethyl alcohol i, for methyl alcohol i, for ether 
0.231 0.363 0.370 í 0.407 
0.231 0.362 0.371 0.406 
0.230 0.362 0.369 0.404 
0.230 0.363 0.370 0.405 
0.230 0.363 0.372 0.405 
0.230 0.362 0.370 0.407 
0.229 0.363 0 0.406 
0.230 0.362 0.372 0.405 
0.230 0.363 0.370 0.405 
0.230 0.363 0.369 0.405 
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The results of the measurement of the density of liquid CH,SH as a function of temper- 
ature are presented in Table III. The mean error of density values given in column 4 iss 
+ 0.0002 g/cm?. 


TABLE Ill 
B The obtained density of 
Temperature i, average [A] ij average | — liquid CH;SH [g/em?] 
20°C 0.3263 0.10647 | 0.8677 
250 0.3307 0.10936 0.8608 
30606 0.3336 0.11129 0.8560 
40°C 0.3421 0.11703 0.8420 
509 G 0.3508 0.12306 0.8272 
60°C 0.3602 0.12974 0.8107 
MOE 0.3694. | 0.13646 0.7945 
TES 0.3722 | 0.13853 0.7890 
80°C 0.3773 | 0.14236 | 0.7191 


III. Measurements and Results Concerning the Density of the Saturated Vapour of Me- 
thyl Mercaptan 


Similarly as in the case of ammonia, measurements of the density of the saturated 
vapour of CH;SH were made in the same experimental tube as liquid density measurements, 
but in the absence of the swimmer. Density was determined from the formula (2) of the 
paper [1]. Six runs of measurements with two different amounts of substance in the tube 
were made. 

A not negligible change as compared to the procedure described in the case of ammonie 
was the avoidance of the correction for the loss of glass fragments in the cutting of the expert 
mental tube. It was found that in the melting off of this experimental tube from a vacuun 
apparatus the loss of mass was negligible, Therefore instead of taking into account the los 
of glass fragments by cutting, the experimental tube was weighed before filling it the firs 


time, and then filled with the substance after melting it off from the vacuum apparatus 


TABLE IV 


‘Temperature Average df in g/cm? 
2020 0.00351 -4-0.00019 
20 © 0.00371 0.00028 
30°C 0.00424- 723 
40°C 0.00522--0.00023 
80 0.00694 士 0.00059 
60°C 0.00934- 0.00038 
ORG 0.01191--0.00022 
DAĆ 0.01240-=0.00027 
80°C 0.01390 士 0.00071 
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gether with the remaining piece of experimental tube from which the proper one was 


elted off. 


The results of measurements of saturated vapour density for CH;SH as a function of 
mperature are presented in Table IV. The given errors were calculated as average errors 
f the mean values. 


IV. Discussion 


A. Bertoud and R. Brum [4] obtained for liquid methyl mercaptan the density values 
hich are presented in Table V. 


TABLE V 
3 qui density of saturated | ۶ 76 
Temperature CASH felon) vapour of CHSH | SE 
[g/em*] | : 
0 0.61 
9.8°C 0.8824 0.0026 0.4425 
26 0.8589 
| 33.3 C 0.8500 0.0047 0.4274 
| 35.5°C 0.8472 
| 436 0.8348 0.0056 0.4202 
49.7°C 0.8267 
78.4°C 0.7840 
82-6 0.7612 0.0115 0.3863 
HGS C 0.7214 0.0245 0.3729 
ا‎ 0.6896 0.0381 0.3638 
136.8°C 0.6765 0.0438 0.3601 
144.3?C 0.6581 0.0536 0.3558 
150.4^C 0.6422 0.0615 0.3518 
154.4^C 0.6317 0.0688 0.3502 
161,2? C 0.6103 0.0820 0.3461 
169.3°C 0.5825 0.1006 0.3415 
176.8°C 0.5490 0.1213 0.3351 
PREG: | 05225 0.1393 0.3310 
191.1°C 0.4686 0.1873 0.3279 
196,8°C doit 0.3315 0.3315 


"hese figures, for temperatures less than 78.4°C. were obtained by applying the method of 
“special picnometer. At higher temperatures the Young method was applied. A comparison 
f the results for liquid CH;SH obtained in the present work with those of Berthoud and 
jrum is shown in Fig. 2. There is a good agreement between the two groups of results. Also 
he two density values for temperatures 20°C and 25°C which are given in the Handbook 
f Chemistry and Physics [5] are in very good agreement with the results obtained in the 
resent work. 

The saturated vapour density values obtained by Berthoud and Brum [4] for CH;SH 
re also presented in Table V (column 3). A comparison with the results of the present 
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work is shown in Fig. 3. There is a good agreement for temperatures below ca. 45°C. In the 
temperature interval between 43.5°C and 92.7°C no experimental data are given in the 
paper [4]. It is, however, clear that the results of the present work do not agree with the 
value measured in [4] for temperature 92.1760. It seems that Berthoud and Brum value fo: 
92.7?C was incorrectly determined. An additional argument which supports this supposi 
tion is the fact that by taking as correct the results of Berthoud and Brum in the vicinity o 
90°C one obtains a quite unreasonable result from experiments on the scattering of neutron: 
by CH,SH. The density values obtained in this paper involve a reasonable interpretatiot 


of neutron experiments. 


200* C 
Fig.2. Density of liquid CH,SH vs, temperature @ — results of paper [4], o — these results 


8 C 
Temperature SA (exp.) 
20°C 0.4356 
25°C 0.4322 
30°C 0.4301 
40°C 0.4236 
50°C 0.4170 
60°C 0.4100 
70°C 0.4032 
(ore 0.4007 
80°C 0.3968 
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50° 100° 150° 200°C p 


Fig. 3. Density of gaseous CH,SH vs. temperature 
6 — results of paper [4], © — these result 


In order to understand better the results of Berthoud and Brum at higher temperatures 


di + d: 


t was calculated as a function of temperature. This was done by taking into considera- 


tion the results obtained in the present work (Table VI) and those of Berthoud and Brum. 
(Table V, column 4). This dependence should by a straight line in the whole temperature 
interval up to the critical point. The results are shown in Fig. 4. A deviation of the value of 
Berthoud and Brum for 92.7°C from the straight line is significant, giving an additional 
argument for the incorrectness of this result. 

Incomprehensible and perhaps also caused by experimental errors is the deviation of 
points calculated on the basis of Berthoud and Brum dates in the vicinity of the critical point. 
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vs. temperalure 


e — results of paper [4], O — these results, x 一 critical density value obtained by an extrapolation of line 


drawn through the points O. 


For this reason one may suspect that the value of 0.3315 g/cm? given by these authors for 
the critical density was also incorrectly determined. 

d? + d: 
Assuming that a straight line dependence of — > t on temperature is valid up to the 


a 


critical point and drawing this line on the basis of data of the present work one obtains 
for the critical density of methyl mercaptan a value of 0.3225 g/cm (assuming 196.8°C as 
the critical point). The critical density of CH;SH given in the Handbook of Chemistry and 
Physics [5] is 0.323 g/cm. 
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NTENSITY RATIOS OF SPECTRAL LINES IN THE SHARP SERIES 
"RIPLETS OF ATOMS OF THE SECOND COLUMN OF THE PERIODIC 
TABLE 


By Mrs. Z. LEŚ AND H. NIEWODNICZAŃSKI 
Institute of Physics, Jagellonian University, Cracow 
(Received February 25, 1961) 


The intensity ratios of the lines of the following triplets: 

Zn I: (4s4p*P3 , o—4s5s*S,) 4810, 4722, 4680 A.U. 

(4sAp? P7 1 „—4s6s*5,) 3072, 3036, 3018 A.U. and 

(4s4p* P5 1 —454d*D) 3345, 3303, 3282 A.U.; 
Cd I: (5s5paP3 1 „—5s6s*S,) 5086, 4800, 4678 A.U. and 

(5s5p*P3 1 ,—5s8s*5,) 2868, 2775, 2734 À.U.; 
Hg I: (6s6p*Pa  „—6s7s*5,) 5461, 4358, 4047 AU. 
were measured, applying different conditions of excitation, such as the arc, spark, electrode-less 
excitation and a Schiiler type hollow-cathode lamp. Photographic methods of mono- and hetero- 
chromatic spectrophotometry were used. 

The measurements yielded intensity ratios in the ultraviolet that were in agreement with the 
sum rules, whereas those obtained for the visible triplets of Zn I, Cd I and Hg I were at variance 
with these rules. 

The greatest divergence occurs in Hg and the smallest in Zn; the intensity ratios in the 
visible triplet of Cd I vary strongly with the conditions of excitation. All divergences from the 
theoretical values are readily explained by reabsorption related to the metastable states 3P; and 
3 P7. From these considerations, the discussion of results obtained by different authors in measuring 
the intensity ratios of spetral lines in triplets of the sharp series of atoms of the second column 
of the periodic system leads to the conclusion that these ratios fulfill the rule of sums and that 


reabsorption is solely responsible for the divergences found in those cases also. 


Introduction 


The results of various authors who measured the intensity ratios of lines in the trip- 
ts of the sharp series of atoms of the second column of the periodic system diverge very 
dely so that the question of whether the rules of sums as derived the oretically are applic- 
le to these triplets remains open. It was the aim of the present investigation to assemble 
ore general data relating to these ratios and eventually to provide an explanation for the 
isting divergences. As the latter occur chiefly in the spectra of the heavier elements of the 
cond column, investigation covered the intensity ratios within several triplets of the sharp 
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series of three typical elements of this column, namely, Zn I, Cd I and Hg I. The exper 
mental results are compared with the theoretically predicted values and with the resuh 
of other authors. | ۱ 

It will be remembered that the intensity of a spectral line emitted spontaneously c 
transition of atoms from a higher level i to a lower level k can be represented by the formu 


I, = N; Ag Pip ( 


wherein N; denotes the population of atoms in state i, 4;ą is Einstein's coefficient determiniri 
the probability for a transition from level i to k, A is Planck’s constant, and v; is the frequenc 
of the line emitted. 

As the component lines of the triplets of the sharp series have the upper level in com 
mon, by formula (1) the ratios of their intensities do not depend on the population of tk 
levels but only on the intra-atomie constants 4;, and »;,. It should be stressed, howeve 
that the intensity I, is defined as a quantity proportional to the energy emitted per un 
time by the atoms, whereas the radiation energy per unit time emerging from the luminou 
source is generally lesser, as light quanta already emitted by an atom can undergo reabsory 
tion while still within the limits of the source. To a lesser or greater degree, reabsorptio 
occurs in almost all conditions of excitation and, being very strongly dependent on the por 
ulation of the lower level of a given emission line, not only affects the result obtained in mea: 
uring the intensity of a single spectral line, but moreover is apt to viciate the intensity ri 
tios measured. Hence, when intensity ratios are at variance with the theoretically predicte 
values, it is of primary importance to have the assurance that the divergences are not du 
to reabsorption in order to make conclusions therefrom relating to the structure of the ele 
tronie shell and interaction of the electrons in the atom. 


Experimental Part 


The measurements were carried out by the method of mono- and heterochromatic ph 
tographic spectrophotometry. The normal lamp consisted of a tungsten bulb for projectio 
of a mean radiation temperature of 2848°K. 

Various light sources were used, such as the arc, spark, and high frequency electrod 
less excitation; the essential part of the measurements, however, was carried out with 
Schüler type hollow-cathode discharge tube, chosen for its stability and because its param 
ters, i. e. the current and the pressure of the inert gas are easily reproducible and can | 
varied within rather wide limits. The tube is shown schematically in Fig. 1. 

The iron cathode of about 50 mm length and about 4 mm in diameter was cooled wi 
water from the municipal water-works. The anode, of cylindrical form, was made of pu 
aluminium. The tube was evacuated by means of a quartz 3-stage diffussion mercury pun 
without liquid air trap (the spectral lines of mercury were no nuisance in dealing with tho 
of zinc or cadmium). The inert gas — spectrally pure helium or neon — was introduced in 
the tube in small portions by means of a capillar dosimeter of a volume of about 2 cm3. 

As the normal lamp could be used within the visible part of the spectrum only, t 
present authors were unable to determine the intensity ratios of lines in the near ultravio! 
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cathode 


water cooling 


investigated metal 
Fig. 1. Hollow-cathode lamp 


gion and rather wide apart, as e. g. the second sharp triplet of Cd I and the higher sharp 
iplets of Hg I. In order to make an estimation of the admissible wavelength interval for 
onóchromatic photometry in this region, this method was applied for measuring the 
tensity ratios of lines in the complex Zn I multiplet 


4s4p3 P2 o —4s4d3D (A 3345, 3303, 3282 A. U.) 
ing four different kinds of plate, namely: Agfa Ultraviolett Platten, Agfa Blau Rapid, 


۱۹ Ultrapan as well as G 2.2 made by Film Polski. The following mean values were 
stained (assuming 100 for the intensity of the line with the largest wavelength): 


Ultraviolett-Platten 100: (57.6 +1) : (20.4 + 0.3) 
Blau Rapid 100 : (57.2 +1) : (20.5 + 0.5) 
Ultrapan 100 : (59.1 +1) : (18.4 + 0.5) 
C 2.2 100 : (63.4 + 1) : (16.2 + 0.5) 


The intensity ratios measured are found not to depend on the conditions of excitation 
eviations from the mean value are within the limit of error of a single measurement). On 
e other hand, it will be noted that, already for so insignificant a difference in wavelength 
ie total separation of the multiplet amounted to about 63 A. U) the result in this spectral 
sion depends on the kind of plate used. 

Towards shorter ultraviolet wavelengths, the sensitivity of the plate is constant through- 
t a considerably greater spectral interval. 

In the course of the present investigation, the intensity ratios were measured for the 
lowing triplets of the sharp series: 

Zn I (4s4p3P3 o — 489s35}) A 4810,5 4722, 4680 A.U. 


(4s4p3P2,, — 4s6s35,) 2 3072, 3036, 3018 ALU. 
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Cd I (5s5p3P2, — 556535,) 2 5086, 4800, 4678 A.U. 
(BsSp3P2,, — 558535) 4 2868, 2775, 2734 A.U. 
Hg I (656p3P2,, — 657535) 1 5461, 4358, 4047 A.U. 


As some of the intensity ratios measured were in accordance with the rule of sum 
whilst some failed to fulfill that rule, and others varied according to the variations in t 
conditions of excitation applied, all intensity ratios were subjected to a systematic investiga 
tion in different conditions of excitation, in order to determine the tendency of the foregoin: 
variations. In all, about 100 results of intensity ratio measurements were obtained, the mea: 


values of which are assembled in Table I. 


TABLE I. 
Results of measurements of the intesity ratios within the sharp triplets of Zn I, Cd I and Hg I. 


Element Intensity ratios found Light source 
Zosi Taie aace ONTEN 9652907 Schüler lamp 
Lia: 25086 : Zgo1s 100 : (584-1) : (19+1) Schiiler lamp 
Cd I Tena? Lasoo 2 lacza = 100 (1153-2) : (1821) are 
100: (1234-1) : (70+1) spare 
100: 108: 51 | lz 80mA) electrode-less 
100:216: 187 MI (ix 90mA) excitation, extreme values of rati 
100:109: 58 |) (i=20mA) Schüler lamp 
100: 216: 118 | J (i—120m4A) extreme values of ratio 
۵ Tons: 1,444100 :(62 + 2) : (19 + 1) Schüler lamp 
Hg I UE me 1,4447 100 : (365 + 7) : (236 + 6) Schüler lamp 


The intensitty ratios in the visible Cd I triplet are very strongly dependent on variatior 
in the excitation parameters of the Schüler type hollow-cathode lamp and of electrode-le: 
excitation; for this reason, only the extreme values of the ratios for these light sources hay 
been given in Table I. In the remaining triplets, notwithstanding the fact that the currer 
and pressure in the Schüler lamp had been made to vary throughout the same range, th 


inlensity ratios were found to be constant within experimental errors. 


Interpretation of experimental results 


From the sum rule, the intensity ratios for the triplets investigated are: 
Zn E Jags; : Ly: Jacopo = LOU 05 : 22 
روط 13036 : وہ‎ 5 100: 63: 22 
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erein, account has been taken of the »* correction. According to Houston (Houston 1929 
olay 1931), the relatively important part of j,j-coupling in the atoms of mercury بس‎ 
he ratios of strengths of lines in the triplets of the Hg I sharp series to 100 : 58 : 20, which 
turn, affects slightly the predicted intensity ratios for the visible Hg I triplet. Nh 


Howl oer assu 4949 = 100 : 143 : 66 


On comparing the intensity ratios as measured here (Table I) with the ones computed 
om the sum rule, it is seen that the ratios for the higher Zn I and Cd I triplets agree 
to within error) with the theoretical values. Conversely, the ratios for the visible triplets of 
n I, Cd I and Hg I are at considerable variance with the theory, and the ratios for the lines 
f the visible Cd I triplet vary strongly with the parameters of excitation. Now, if the relative 
ntensities of these lines are plotted as versus the current intensity in the Schüler tube, mono- 
onous curves are obtained for each particular value of the pressure of the inert gas. The 
ntensity ratios of these lines approach closer to the theoretical values for lesser current 
ntensities and higher pressures „of the helium gas (Leś, Niewodniczański, 1958). 

For the sake of conveniency, the theoretical and experimental values of the ratios for 
he visible triplets of Zn I, Cd I and Hg I have been assembled in Table II. The experimental 
alues given have been obtained at different values of the current and pressure, using the 
chiiler tube as light source. The intensity ratios measured have been reduced keeping the 
value of the intensity of the central line constant and numerically equal to the one predicted 
by the theory and referring the intensities of the two remaining lines to that of the central 


line. 
TABLE II 
Intensity ratios of lines of the visible triplets of Zn I, Cd I and Hg I. 
Element, and Theoretical ratios Intensity ratios 
wavelengths (A.U.) of the intensities measured (Schiiler tube) 
Zn I (4811, 4722, 4860) 008105: 22 84: 65:30 
Cd I (5086, 4800, 4678) 100: 76:28 (from 70 to 39): 76: 
: (from 38 to 40) 
Hg I (5461, 4358, 4047) 100 : 143 : 66 39: 143 : 92 


Thus, the experimental relative intensities of the lines of greatest wavelength in the 
various triplets are seen to present values below those predicted by the theory; here, Hg 1 
presents divergences far greater than Zn I. For Cd I, the relative intensity of the 5086 A.U. 
line approximates the figure for the corresponding line of Zn I or Hg I according to the condi- 
tions of excitation. On the other hand, the relative intensity of the lines of shortest wave- 
lengths are in excess of the theoretical values for all three elements, and are practically 
constant irrespective of the excitation parameters. It is noteworthy that, in all three elements, 
the intensities are amplified by the same factor with respect to the theoretical values, this 
factor amounting to 1.4. 

As demostrated in an earlier paper by the present authors (1958), the experimental 
variations of the intensity ratios of the visible Cd I triplet are entirely satisfactorily and 
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rather obviously explained by reabsorption. It will now be proved that, although the ratio 
for the Zn I and Hg I triplets differ from those of Cd I, the results for these triplets are by 
no means of a nature to contradict the considerations presented in that paper and the diverg 
ences from the theory are, once again, fully accounted for by reabsorption. 

As the diagram of the energy levels and transitions is similar for all three element: 
considered, it is sufficient to trace one diagram for the visible triplets of Zn I, Cd I and Hg- 
(Fig. 2). In each separate case, the value of n, the principal quantum number of the emitting 
electron when in the ground state will have to be substituted (n —4 for Zn I, n=5 for Cd II 
and n=6 for Hg I), together with the corresponding wavelengths for 24, A, and 2g. 


ns (n* 1)s 5, 


A2 
5% 5, 


Fig. 2. Schematic diagram of energy levels for the visible triplets of Zn, Cd and Hg atoms 


As reabsorption affects the intensity of the emission line and is strongly related to the 
population of its lower level, the intensity ratios J, : J, : Z}, wil depend strongly on the 
population of the atoms in the states 3P3, 3P? and ۹۶). The population ratios for these 
states depend essentially on the number and kind of interatomie collisions, and especially 
on those of the atoms of the element investigated with the atoms of the inert gas, which 
latter are at a concentration to make them prevail within the Schüler lamp. As the inert 
gases possess a high potential of excitation, an atom of one of the metals investigated, or 
non-elastic collision with an atom of such a gas, will not pass to the ground state but to the 
neighbouring excited state. At constant velocity of the colliding atoms, the cross sectior 
for such a collision decreases steeply with the increase in |AE| (the difference in energy 
between the inital and final excited states) so that these collisions are essential only if |A E 
is of the order of the thermal energy of the particles. According to the Klein-Rosseland law 
the probability is always greater for collisions of the second kind (i.e. with transition of the 
excited atom to a lower state) than for the corresponding inverse process (i.e. collisions o 
the first kind between the same states); however, the collisions of either kind are mutuall 
proportional. 

From the foregoing considerations, the essential rôle in the process of establishin; 
population relationships between the states 3P3, 3P? and 3P4 should belong to their mutua 
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differences in energy as compared with the thermal energy of the colliding particles. Whereas 


the mean thermal energy E, of an atom at 20° C (which is the temperature at which the 


experiments were made) is approximately 0.039eV, the energy differences between the 


states 3P2, 3P? and 3P$ are those given in Table III. 


TABLE III. 


Differences in energy between levels PERE Pe und ape 


Zn I | Cd I | He I 
| 
| | 
AE,— EGaPg) 一 ElaPo) in eV | 0.048 0.145 0.571 
AE,— EP?) — E(P?) in eV | 0.023 0.067 0,218 


The states 3P$ and ?P$, being metastable, present large populations, involving consider- 
able absorption of the lines terminating in these states; however, each of these states is 
in a different situation with respect to the state 3P? of short lifetime. 

1) At a given temperature, the probability for the transition of an atom from the state 
3P; to 3P? depends on the difference in energy between these two states (1E, in Fig. 1) 
and on the kind of particles colliding, Although 4 £; for Zn I, from Table III, is seen to differ 
but little from the mean thermal energy of the atoms, whereas for Hg I AE, is largely in 
excess of E, quenching of 3P$ to 3P? states will be much more effective in the case of Zn 
than in that of Hg notwithstanding the fact that the Hg atom presents a somewhat larger 
radius of interaction than Zn. Indeed, from Table II, the intensities of the lines Zn I 4811 À.U. 
and Hg I 5461 A are seen to be lesser than the theoretically predicted ones, and the attenua- 
tion of the line terminating in the 3P? state is much greater for Hg than for Zn. These rela- 
tionships are not affected by variations in the current and pressure within the Schüler tube, 
as the situation of both the Zn and Hg atoms is rather stable and this equilibrium would 
require quite considerable changes in the excitation parameters in order to undergo upsetting. 

On the other hand, AE, = 0.145 eV in Cd and thus is somewhat greater than the 
mean thermal energy of the atoms, yielding a population of the Cd I ?Pj level 
that is highly sensitive to relatively small changes in discharge conditions. The relative 
intensity of the 5086 A. U. line varies very markedly with the conditions of excita- 
tion; as the current decreases and the pressure of the inert gas rises, it tends towards the 
theoretical values. This can be explained by the fact that, as the current increases, so does 
the number of excited Cd I atoms and, hence, the effectiveness of the absorbing layer, whereas 
an increase in the pressure of helium raises the number of ?P5—?Pj transitions leading to 
a decrease in the reabsorption of the 5086 A.U. line (Leś, Niewodniczański, 1958). The 
effect of the pressure is greater for higher intensities of the current i.e. when the atoms in 
3P? states are relatively numerous, whereas the current dependence is more marked at low 
pressures i.e. when relatively few 3Pg—9Pj transitions occur. Thus, in the case of Cd I, 
conditions favouring 3P$>3P$ transitions lead to a relative intensity of the Cd I 5086 A. U. 
line that is nearer that of the Zn I 4811 A.U. line, whereas conditions less favourable in this 


respect lead to a value nearer that of the Hg I 5461 A. U. line. 
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2) The situation is entirely different if we consider the 3P states, which, being mei 
too, should present a high population with respect to that of the 3P? states. Albeit, the żę: 
level is situated below that of 3P2, what is essential inasmuch as, although the probability for 
the 3P2— P$ transitions is always higher than for the inverse 3P4>3P4 ones (Klein-Rosse- 
land’s law), the lifetime of the 3P; states is much longer than that of ط2‎ so that 0 ۷ 
transitions are not negligible. Thus, the population relationships of the states 3P4 and 
3P? are determined by the transitions occurring in either direction: "Pret Poe In general 
small variations in the parameters of excitation should not affect the population relationships 
of the levels ?P1 and 3P4, as the transitions in either direction are essentially interdependent: 
if e.g. certain conditions lead to an increase in transitions 3P;>3P$, this will cause the pop- 
ulation of states 3P$ to increase leading, in turn, to an increase in the number of tranistions 
ہہ 9ہ‎ Ihus at a given temperature of the source, a well-defined state of equilibrium 
exists between the states 3P? and 3P%, determining the degree of attenuation of the lines 
terminating in the respective state. As a matter of fact, on considering Table II it will be 
seen that the lines of smaller wavelengths in the visible triplets of Zn I, Cd I and Hg I are 
of greater intensity than theoretically predicted by a constant factor of 1.4 which depends 
neither on the atomic species (different AE, in Fig. 2) nor on the variations of current and 
pressure in the Schiiler type hollow-cathode discharge tube. 

The circumstance that the lines terminating in the metastable 3Pg states are more 
intense than predicted by the theory and tend to level out intensities with the lines terminating 
in the states 3P? can be utilized for making conclusions concerning the population ratio of 
the states 3P$ and 3P?. Namely, on the assumption of a population of the Po levels in excess 
of or equal to that of 3P?, the intensity of the line of the smallest wavelength of the triplet 
as refererred to that of the central line should be expected to decrease still further than 
precicted by the theory asa result of reabsorption, whereas this is not found to be the case 
experimentally. On the other hand, assuming both states ?Pg and 3P to exist in thermal 
equilibrium, i.e. the populations M of levels 3P and those No of levels 3P; to remain at the 
ratio of their statistical weights N, : Ny=3: 1, the lines terminating at these levels would 
present equal intensities on emerging from an absorbing layer of sufficient thickness (e.g., 
Frish, 1951). From the fact that the lines under consideration tend to level out their inten- 
sities it may be concluded. that in the Schüler tube 1/3 NM 一 No< N,. This evaluation yields 
a figure not greatly differing from the experimental result due to Pienkin (1958) on the 
concentration of excited Cd I atoms in the states 2P0 4,9 in the positive column of the 
glow discharge tube. 

Obviously, in conditions of emission considerably differing from those of the hollow- 
cathode discharge tube (different temperature, different thickness of absorbing layer) the 
ratio /, : ,رط‎ (Fig. 2) can assume a different value. F.g. its value as measured by the present 
authors for Cd I using a Cd-Hg vacuum arc as light source was 76:51. Clearly, here, the 
intensity of the A, line is still more like that of the line A5, which points to an energy distribu- 
tion of the atoms in the states 3P and 3P? strongly resembling the Boltzmann distribution. 
and to reabsorption tending to level out the intensities. 

As to the intensity ratios in the higher triplets of the elements investigated, it will be 
noted from the results in Table I that the ratios in the second Zn I and third Cd I triplets 
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of the sharp series and in the first triplet of the diffuse series of Zn I exhibit neither current 
nor pressure dependence when a Schiiler type hollow-cathode lamp is used as light source. 
The experimental values obtained coincide with the ones computed theoretically for these 


ratios, to within errors. Hence it can be concluded that the lines investigated do not undergo 


reabsorption or, at least, that reabsorption is exceedingly small indeed. 

This conclusion is by no means in contradiction to the foregoing analysis of the results for 
the visible triplets. The fact that the difference in the rate of reabsorption is so considerable 
already for the initial lines of the sharp series is explained by the circumstance that the 
steepest decrease in value of the line strength (on which the absorption probability depends 
directly) occurs precisely as we pass from the first to the second member of a spectral series 


(Condon, Shortley, 1957). 


Discussion of results obtained hitherto 


Table IV brings the results of measurements of the intensity ratios of spectral lines 
of the triplets of the sharp series for the elements of the second column of the periodic 
system. Regarding intensity ratios in the higher triplets of the sharp series of mercury, the 
only reference available to the present authors was a summary of a paper by McAlister 
(1931) read at the Conference in New-York in 1931. This author used a mercury vacuum 
arc as light source and measured the intensities of the spectral lines with a vacuum thermostat. 
According to McAlister, the intensity ratios of the lines of the first four triplets in the 
sharp series in the ultraviolet region fulfill the sum rule exactly. 

From the data in Table IV, it is seen that: 

1) among the great number of results obtained by the various authors there are some i 
which, for each triplet, and within the limits of error, fulfill the rules of intensities, and 

2) the divergences between the results increase with the number of the element in the 
periodic system, the largest occurring for the visible triplet of Hg I. 

All these divergences can also be explained by reabsorption arising from the levels 
3P? and 3P being metastable. As a matter of fact, as we proceed in the periodic system the 
differences in energy between the states ?P$, 4, o increase, and, in the same conditions of 
emission, the probability for exchanges between these states is different for the different 
elements, affecting the intensity ratios of the lines terminating in these states. Thus, e.g. these 
differences in energy are relatively small in the case of the lighter elements, and in the most 
commonly applied light sources the transitions quenching metastable states are highly 
probable. Hence, if certain additional conditions aiming at a reduction of the effect of 
reabsorption are fulfilled (low density of the atoms of the element investigated, low current 
density), the results obtained will differ but slightly (or not at all) from those predicted theoret- 
ically. On the other hand, if these differences in energy are considerable, the probability 
for collisions quenching the metastable states decreases and the absorbing layer is now 
more effective. In this case, the experimental ratios can diverge strongly from the theoretical 
values as e.g. for the results of Golay (1931) in measuring the visible triplet of Hg I and for 
those of the present authors relating to the visible triplets of Cd I and Hg I. 
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Experimental results for intensity ratios of spectral lines in the 
second column of the periodic table. 


TABLE IV. 


triplets of the sharp series of elements of the 


Ratios . 
Ele- | Transitions and according Ratios found Method of excitation Author 
ment {wavelengths (A.U.) to theory experimentally 
Mg I |3s3p3P2,,—3s4s?5,| 100: 61:20 | 100: 62:23 Carbon arc, 2.5-8A Dorgelo (1924) 
(Z=12) (5183, 5172, 5167) 100: 63:20 | Carbon are Dorgelo (1925) 
100: 61:20 | Carbon arc Kerston, Ornstein 
(1947) 
ms I [4s4p3P2,,—4s5s*S,) 100: 62:21 | 100:61:23 | Carbon are, 6A, low con- Dorgelo (1924) 
(Z=20) (6162, 6122, 6102) centration of Ca salts 
100:58:20 | Carbon arc, 5A, low con- | Schuttevaer et al. 
centration of Ca salts (1943) 
4sAp?P2,,—456s?5,| 100:61:20 | 100:59:23 | Arc Dorgelo (1925) 
(3974, 3957, 3949) 100:59:19 | Carbon arc, 5A, low con- | Schuttevaer et al. 
centration of Ca salts (1943) 
As4p* P3,5—4s7s25,| 100: 61:20 | 100: 59 20 | Carbon arc, 54, low con- | Schuttevaer et al. 
(3488, 3478, 3468) centration of Ca salts (1943) 
Zn I |4s4p3Pg,9—4555?5,| 100:65:22 | 100:59:21 Carbon are, 6A Dorgelo (1924) 
(Z=30) (4810, 4722, 4680) 100: 61:20 | Carbon arc, 3-6A, low Schuttevaer, Smit 
concetration of Zn salts (1943) 

100: 64:24 | Spark Ornstein et al. (1932) 

100: 65:35 | Source with electron beam | Larche (1931) 

100: 77:35 | Schüler lamp Results obtained in 
the present investiga- 
tion 

4s4p3P$,g—4s6s35,| 100: 63:22 | 100:65:21 | Carbon are, 3-64, low Schuttevaer, Smit 
(3072, 3036, 3018) concentration of Zn salts (1943) 

100: 65:24 | Source with electron beam | Larche (1931) 

100: 58:19 | Schüler Lamp Results obtained in 
the present investi- 
gation 

4:477-735 100: 63:22 | 100: 65:20 | Carbon are, 3-64, low Schuttevaer, Smit 
(2713, 2694, 2671) concentration of Zn salts (1943) 
100: 65:28 | Source with electron beam | Larche (1931) 
Srl |5s5p*PX—5sós*S,| 100: 68:23 | 100: 60:22 | Carbon are, 5A, very small 

(Z=38)|(7070, 6878, 6791) admixture of Sr salt 
5s5p* Po, —5s7s35,| 100:65:22 | 100: 64: (23) | Carbon arc, 5A, very small | Schuttevaer eż al. 
(4438, 4362, 4326) admixture of Sr salt (1943) 
5s5p?P3,9—5s8s35,| 100:64:22 | 100: 62: (23) | Carbon arc, 5A, very small 
(3865, 3807, 3780) admixture of Sr salt 


TABLE IV (continued) 


VM 


" T 5 ٦ Ratios R f 
e- ransitions : : ios 
mE ee Ku) according 2 Am Method of excitation Author 
8 U. to theory experimentally 
Gd I |5s5p3*Px,9—5s6s*S,| 100: 76:28 100:62:24 | Carbon are, 6A Dorgelo (1924) 
(Z=48) (5086, 4800, 4678) 

100:69:19 | Carbon arc, low concentra- | Ornstein et al. (1938) 

tion of Cd salt 

100: 86:26 | Carbon arc, 4-6A, low v. Hengstum, Smit 

| | concentration of Cd salt (1956) 

100:115: 78 | Hg-Cd vacuum arc 

100: 123: 70 | Spark 

100: 108: 51 | i=80 mA )high frequency 

| 100: 216: 187| :=90 mA ess Results obtained, in 
excitation (only | the present investiga- 
[ems values | tion 
given) 
| 100: 109: 58 | i=20 mA |Schüler lamp 
100: 216: 118| 1=120 mA ;(only extreme 
values given) 
100:73:30 | Source with electron beam | Larche (1931) 
5s55p?Pj,9—95s1s53S,| 100: 70:25 | 100:58:13 | Carbon arc with small Ornstein et al. (1938) 
(3253, 3133, 3081) admixture of Cd salt 
100:65:16 | Carbon arc, 4-6A, low v. Hengstum, Smit 
concentration of Cd salt (1956) 

100:63:25 | Source with electron beam | Larche (1931) 

CdI |5s5p3P2,94—558s5?5,. 100: 65: 24 | 100:67:19 | Carbon arc. 4-6A, low v. Hengstum, Smit 
(2868, 2775, 2713) concentration of Cd salt (1956) 

100: 62:19 | Schüler lamp Results obtained in 
the present investiga- 
tion 

100: 63:40 | Source with electron beam | Larche (1931) 
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TABLE IV (continued) 


Ratios 4 d 
Ele- | Transitions and according Repos Rz Method of excitation Author 
ment |wavelengths (A.U). i thon OGR 
Hg l |6s6p*P2,,—6s7s*5,| 100: 143: 66 | 100: 92: 38 | Carbon arc Schouten, Smit 
(Z=80)|(5461, 4358, 4047) (1943) 
100: 63:30 | Vacuum arc Hulbert (1928) 
| 100: 74:48 | Vacuum arc Ornstein et al. (1932) 
100: 92: — | Vacuum arc, 2.7 A Maddock (1935) 
100: 125: 25 Cold | Cooper-Hevitt Hg are | Golay (1931) 
100: 43:14 | Hot 
100: 90:30 | Hg-are Gouwentak 
(Schouten 1943) 
100: 93:38 | Hg are, 3-4 A Schouten (1943) 
100: 46:14 | Hot 3-electrode 
100 H a :20 cold Hg lamp 7 931 
TOGO AT 0.04 hot pls ża Golay (1931) 
100 : 335 : 92 0.00 . Í values given) 
100:89:37 | Low-pressure mercury lamp | Schouten (1943) 
100: 139: 58 | 0.07 mmHg of Hg | +1 Haringhuizen 
100: 147: — | 0.02 mmHg of Hg (mmHg (Schouten 1943) 
of He, 
discharge in rarefied gas 
100 : 365 : 236| Schüler lamp Results obtained in 
the present investiga- 
" tion 
100:96:37 | Source with electron beam Golay (1931) 
100:92:25 | Source with electron beam Ende (1931) 
100:96:38 | Source with electron beam Schouten (1943) 
100:121:57| U=9V Source with elec- 
100 : 144: 55 | U=300V | tron beam (U — | Thieme (1932) 
accelerating vol- 
J tage) 
100: 154: 一 | Source with electron beam Hanle, Schaffernicht 
(1930) 
100: 147: 44 | Source with electron beam | White (1931) 
100: 152: 70 ? Ornstein, Custers 
(1930) 


BL 


It is also possible to reduce the population of the non-stable states in a different way. 

Indeed, these can be eliminated “mechanically” by using an atomic beam as light source. 
Conditions somewhat similar to those existing in the atomic beam are obtained by applying 
excitation with a beam of electrons (*Elektronenstossanregung"). It was precisely with 
an electron beam source that the greatest number of results approaching the theoretical 
values have been obtained for the heavier elements, namely, by Larche (1931) for Cd I, and 
by Thieme (1932), White (1931) and Hanle and Schaffernicht (1930) for Hg I. Moreover, 
the results of Fabrikant (Fabrikant 1936, Kagan 1950) relating to the strengths of the oscillators 
of the Hg I lines 5461 A.U. and 4358 A.U. corroborate the conclusion that the sum rule holds 
for the visible triplet of Hg I. 


In publishing their results of intensity ratio measurements at variance with the sum 


rules, numerous authors stress that the ratios did not vary according to certain parameters 
of the light source (usually the current) and contend that this proves there is no reabsorp- 
tion of the lines investigated. Now, this explanation need not be correct in all cases. As 
is seen from the graph in an earlier paper by the present authors (1958), by appropriately 
choosing the pressure (pg) of the inert gas in the Schüler lamp, intensity ratios can be obtained 
for the visible Cd I triplet which also do not vary with the current (throughout the range 
of from 60 to 120 mA). This, however, does not prove that there is no reabsorption, since 
the ratio-current depencence appears for still weaker currents. 

Thus, in order to produce a change in the intensity ratios of the lines of the first sharp 
triplet of any element of the second column, it is not only necessary to vary widely one of 
the parameters of the light source (e.g. the current density, the pressure of the alien gas), 
but also to choose appropriately its remaining parameters (as e.g. the temperature). وی ظ‎ in 
order to make the intensity ratios within the visible Zn I triplet vary with the current density, 
it would be necessary to lower considerably the temperature of the source, as the mean 
kinetic energy of the colliding particles must be sufficiently small with respect to the 
dfferences in energy between the 3P§ , 2 levels. For the same reason, in the case of Hg I, 
the temperature of the source must be raised considerably. Golay (1931) measured the 
intensity ratios in the visible Hg I triplet using a quartz mercury vacuum arc and a special 
three-electrode lamp, finding, in either case, a dependence of the results on the temperature 
and — in the case of the three-electrode lamp — on the current. This author, too, explains 
such dependences by reabsorption. 

Yet another circumstance argues in favour of the sum rules being fulfilled in all the triplets 
discussed. Namely, if we assumed this rule to be incorrect for the strengths of the lines of the 
visible triplets, this would involve the states ?Pg , s, and since the higher triplets of the 
sharp series terminate in the same states, similar divergences should then be expected to 
appear for them. Thus, e.g. many authors have agreed (e.g., Sambursky 1928) that the 
intensity ratios in the first sharp doublet of the alkaline metals fullfill the sum rule. As the 
expression for the strength of a line is symmetric in its upper and lower level (Condon and 
Shortley 1957), the intensity ratios of the sharp series — whose lower levels are indeed the upper 
ones for the lines of the first doublet of the principal series — should also be expected to 
exhibit no divergence from the sum rule. This line of thought has been fully confirmed by 
numerous experiments (Dorgelo 1924, Bleeker and Bongers 1924). 
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As the higher triplets of the sharp series of the foregoing elements in the second column 
of the periodic system are situated in the ultraviolet region, where heterochromatic photo- 
graphic photometry is more difficult than in the visible, it is usual to apply the methods of | 
monochromatic spectrophotometry when measuring the intensity ratios of these triplets. 
This can lead to systematic errors in the results for the more widely separated triplet lines 
and may serve to explain certain divergences between the values obtained by various authors. 
However, from Table IV these divergences are seen to be small and to exhibit statistical 
spread about the theoretically predicted values, and thus would be unfit for proving that the 
ratios of the strengths of the higher triplet lines fail to fulfill the sum rule. 

All foregoing considerations lead to the conclusion that the ratios of the strengths of 
the lines in the sharp series triplets of the elements in the second column of the periodic 
system can be regarded as to fulfill the sum rule, and that the divergences therefrom 


appearing in the intensity ratios are to be accounted for by secondary factors. 
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